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Following the method of Weil in Acta Math. 111 (1964), 143-211, we define 
the Weil representations of general linear groups in Section 1, of symplectic 
groups (in odd characteristic) in Section 2, of unitary groups in Section 3, for 
the finite fields; in Section 4, we give the decomposition, the “type,” and the 
character of these representations. 
0. INTRODUCTION 
Let K be a finite field of order 4. For a finite dimensional vector space V over k, 
the natural representation of GL( V) in the space of complex functions on V has 
for character: 
g ,...+ qN(Kg), N(V;g) = dim Ker(g - 1). (0.1) 
If now K is a quadratic extension of k and F a vector space of dimension n 
over K with a nondegenerate skew-hermitian form i, we construct in Section 3 
a representation of the unitary group U(F, i) of this form, the character of which 
is (Theorem 4.9.2): 
u I-+ (- 1)” (-q)N(F;u), N(F; u) = dim, Ker(u - 1). (04 
Up to the sign (-I)“, the formula (0.2) is (0.1) where -q replaces q. 
For q odd, this representation is obtained, up to a one-dimensional representa- 
tion of U(F, i), by restriction of the so-called Weil representation of the symplectic 
group defined by the form 
j(x, Y) = 4% Y> - i(Y, 4, x,y~F. 
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This representation was introduced by Weil in a more general case, using the 
fact that the symplectic group acts as automorphisms of a two-step nilpotent 
group, extension of F by the additive group of K. Here, we follow his method 
(Section 2); we give other proofs of the results given by Howe [6] and Saito [8]. 
Similar Weil representations were also used by 1. Soto Andrade (thesis, Paris, 
1975), to get all the irreducible representations of Sp,(F,) ([IO], (a), (b)). 
In general, we embed the unitary group U(F, i) in the group of automorphisms 
of a two-step nilpotent group, and construct the representation in Section 3. For 
dimF = I, this representation was constructed in [4, Chap. I, 1.31, and this 
case is needed when i is not a neutral form. It was also used in [7]. 
The first part deals with the general linear groups; the second with the 
symplectic groups and the third with unitary groups. In each case, we define a 
corresponding two-step nilpotent group, called a Heisenberg group; the Weil 
representation and its basic properties are given. The last part gives the decom- 
position of the Weil representations in simple components and their characters. 
The notations are as follows. We denote by U the multiplicative group of 
complex numbers of absolute value 1. For a finite set A, we write C[A] for the 
vector space of complex functions on A; its dimension is 1) A /I, the order of A. 
If G is a connected algebraic group over K, we write G for G(k); when G is 
reductive, we call horocycles the unipotent radicals of the parabolic subgroups of 
G; a K-parabolic P is determined by P; if the characteristic of K is p, the p-Sylow 
subgroups of G are the subgroups N, where N is a maximal horocycle. 
This work was needed to construct some supercuspidal representations of 
reductive p-adic groups; it was announced in [5], and written when the author 
was a member of the Institute for Advanced Study at Princeton. 
1. THE WEIL REPRESENTATIONS OF GENERAL LINEAR GROUPS 
1 .l. Let I’ be a finite dimensional vector space over the finite field K. We 
denote by *I’ the vector space dual of V, and for x E I’, y E *V, we write ( y, x) 
for the value of y on x. The dual of *I’ is identified with V by 
(Y, x> + (X,Y) = 0, for xEV, yE*V. U-1) 
Let H(V) be the set of matrices 
1 Y z 
( 1 1 x 1 
with x E I’, y E *V, z E k. It is a group for the law induced by the usual multi- 
plication of matrices, and we have the following decomposition 
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o+k:H(V)+ vx*v-+o 
1 0 .a 
.zw i 1 0 1 1 
i 1 Y 1 0 x 
1 1 
++ (x, y). 
(1.2) 
DEFINITION. The group H(V) is called the Heisenberg group associated to 
the vector space V (cf. [12, Section 311). 
LEMMA 1.1. Let the notations be as above. Then: 
(a) H(V) is a two-step nilpotent group with center Z the image of k by e; 
(b) thepull-back V x Z (resp. *V x Z) of V (resp. *V) in H(V) by (1.2) is a 
maximal commutative subgroup of H(V); 
(c) the mapping 
i’ : ;j-i’ -7 :“) 
is an isomorphism of H(V) onto H( * V). 
Proof. (a) and (b) result from the nondegeneracy of the alternating bilinear 
form on V x *V induced by the commutators on H(V): 
6% Y>, WY Y’) I-+ (Y, x’> + 6, Y’>. (1.3) 
The assertion (c) comes from the identification (1 .I). 
1.2. The pull-back on H(V) by (1.2) of the one-dimensional representa- 
tions of V x *V defines a family of one-dimensional representations of H(V) 
which are trivial on the center Z. The other classes of irreducible representations 
of H(V) are given by the following proposition. 
PROPOSITION 1.2. Let H(V) be the Heisenberg group associated to the vector 
space V. Then, for every nontrivial character 5 of Z, there exists a unique class 
rlrV of irreducible representations of H(V) which are given by 5 on Z. Its degree is 
the order of V, and its character has Z for support. 
Proof. Let 7 be the nontrivial character of the additive group of k given by 
T(Z) = 5(4, z E k. (1.4) 
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The symplectic form (1.3) being nondegenerate, for every nonzero element 
(x, y) in V x *V, there is a (x’, y’) in V x *V such that 
T((Y, x’> + (X,Y’)) f 1. 
This also means that, for every h E H(V), h $2, there exists h’ E H(V) such that 
the commutator (h’, h), which lies in 2, satisfies the condition {((A’, h)) # 1. 
If we also remark that the order of V is equal to the square root of the index of 
Z in H(I’), the proposition becomes a consequence of the following lemma. 
LEMMA 1.2. Let H be a $nite group and Z its center. Suppose there exists a 
character 5 of Z such that the following condition is satisjied: For every element 
h E H which does not belong to Z, there is h’ E H such that the commutator (h’, h) 
lies in Z and {((h’, h)) # 1. Then, for a representation 77 of H which is given by 
5 on z: 
(a) the support of its character is 2; 
(b) 7 is irreducible if and only if its degree is the square root of the index of Z 
in H; in this case, the class vC of 17 is uniquely determined by 5; 
(c) the character 5-l satisjes the above condition, and, if the order of 5 is m, 
the class ~~(“-l)js [H : Z](+2)/2q1-I . 
Proof. The irreducible components of the representation of H induced by the 
character 5 of Z are given by 5 on Z; from the Frobenius reciprocity, these 
classes exhaust the irreducible representations of H given by 5 on Z. Let 7 be a 
representation of H which is given by 5 on Z, and let h E H, h $ Z; choose h’ as 
in the statement; then: 
Tr T(h) = Tr q(h’hh’-l) = Tr T((h’, h)h) = [((h’, h)) Tr v(h), 
which implies Tr T(h) = 0. This shows that the support of the character of 77 is Z, 
for x E Z, Tr v(x) = t(z) d(v), where d(T) is the degree of 7. If we write now the 
condition of irreducibility: CH 1 Tr v(h)12 = 11 H/I, the order of H, we get 
d(y)2 = [H : Z], and this achieves the proof of (a) and (b). For (c), it is clear that 
5-l satisfies the same condition as 5 does; moreover, the representation 7yCrnW1) 
is given by 5-r on Z, so (c) follows immediately from (a) and (b). 
1.3. Let 5 be a nontrivial character of the center 2 of the Heisenberg 
group H(V); we define a representation of H(V) by inducing the one-dimensional 
representation 1 . 5 of the subgroup *V x Z: 
i 1 Y 1 2 01 ++ <(e*). 
1 
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This representation is given by 1; on 2, and its degree is the order of V, the index 
of *V x 2 in H(V); by Proposition 1.2, this representation belongs to ygv. 
A realization is given in the space C[V] of complex functions on V by the 
following formulas, where 7 is the character of k given from [ by (1.4) and 
FEC[v]: 
100 
M(xoNF)(x) = F(” + x0) for x0 E V, (x0) = 
i ! 
1 x0 ; 
1 
1 Yo 0 
MYoNw9 = 4(X> Yo)) F(x), for yoE *V, (yo) = 
i 1 
1 0 . 
1 
If we interchange the roles of V and *V, we get a realization of qcv in the space of 
complex functions on *V, the intertwining operator between these two realiza- 
tions being given, up to a scalar operator, by the Fourier transforms: 
*J’(Y) = j-/(x) T((x, Y>) dx> F’(x) = j-, *F’(Y) d<r, x>) dr (1.5) 
for F EC[V], *F’EC[*V], where the Haar measures give to V and *I’ the 
measure I/ V (11/2, square root of the order of V. 
The symmetric bilinear form on C[V] defined by 
s 
F(x) G(x) dx (1.6) 
V 
is nondegenerate and defines a pairing between 7 and its complex conjugate; 
the mapping F(x) i--t F(-x) on C[V] sends 7 on its complex conjugate, which 
belongs to 7F1 . By the isomorphism of H(V) onto H(*V) given in Lemma 1.1, 
the class rlcr’ is sent onto the class 7;“. 
1.4. For g E GL( V), let *g be the contragredient transformation in 
GL(*V): 
<*gy, P> = (Y, X>> for xEV, yE*V. 
The subgroup G(V) of GL(V x *V) which leaves invariant the form 
(X> Y), (x’, Y’) w <Y? x’> 
corresponding to the multiplication in H(V), is the group of couples (g, *g), 
isomorphic to GL( V) and GL( * V) by the two projections. It is a group of auto- 
morphisms of H(V) leaving the center Z pointwise fixed: 
i’ : ,1-i’ *“;” {I, xcV,yE*V,gEGL(V). 
WEIL REPRESENTATIONS 59 
The element (g, *g) of G(V) will be written too 
1 
i 1 g 3 1 
so that the action can be read as a conjugation on the matrices. 
PROPOSITION 1.4. Let H(V) be the Heisenberg group associated to the vector 
space V, G(V) the above group of automorphisms of H(V), and GH( V) their 
semidirect product. Then, there exists a unique class WY of representations of G(V), 
called the Weil representation of G(V), with the following properties: 
(a) for any irreducible representation 71 of H(V) which is nontrivial on its 
center Z, there is a representation p of GH(V) in the space of 17 such that 
on H(V), p is 7, and the restriction of p to G(V) belongs to WV; (1.7) 
(b) the character of WV takes positive values. 
Proof. The irreducibility of the representation 7 implies that two represen- 
tations of GH( V) satisfying (1.7) differ by a twisting by a one-dimensional 
representation of G(V); this shows that the uniqueness will be a consequence 
of (6). We observe now that, for a given character 5 of Z, the representation 
1 * 5 of *V x Z can be extended to G(V) x *V x Z by the unit representation 
on G(V). The restriction to G(V) of the representation of GH( V) induced by this 
representation 1 . 1 . 5 of (G(V) . *V) x Z satisfies the condition (1.7); in the 
above realization of 7cv in C[ V], the action of G(V) is given by F(x) ++F(g-lx), 
F E C[ V], g c G(V): This action is the same for all 5, and its character is positive. 
This proves the proposition. 
From Proposition 1.4, we immediately get the following consequences. 
COROLLARY 1.4. Let the notations be as in Proposition 1.4. Then: 
(a) for g E G(V), the character of WV in g is the square root of the order of the 
kernel of g - 1 on V x *V, or, zf the order of k is q: 
Tr WY(g) = qNfv;g), N( V; g) = $dim Ker(g - I); (1.8) 
(b) the form (1.6) is invariant by G(V); 
(c) if V is a direct sum of vector spaces VT, the restriction of the Weil 
representation WV to the direct product n G(Vr) is the tensor product of the Weil 
representations WV’; 
(d) let k’ be an extension of k and V’ a vector space over k’ such that V is the 
underlying vector space over k; the restriction to G( V’) of the Weil representation WV 
is the Weil representation WV’. 
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1 S. Let Ii be a finite group, Z its center, and 5 a character of Z such that 
the condition of Lemma 1.2 is satisfied. Let G also be a finite group of auto- 
morphisms of H which acts trivially on Z. Then the class or of Lemma 1.2 is 
fixed by the action of G; hence, if 7 is a unitary realization of ?I;, there is a 
projective unitary representation y of G in the space of 17 such that 
744 77(Y) Y(W = 17(xYx-1)Y for XE G, YE H. 
The cocycle of this representation is defined by 
44 Y(Y) = 4% Y> Y@Y), for x,y~G, (1.9) 
and its class [c] is an element of H2(G, U), where U is the group of complex 
numbers of absolute value 1. To say that this cocycle is trivial means that the 
representation 7 can be extended to a representation of the semidirect product 
GH. We have the following lemma about this cocycle. 
LEMMA 1.5. Let the notation be as above. Suppose moreover that H is a 
p-group, and that the nontrivial character 5 of Z satis$es the condition of Lemma 1.2 
and has order p. Then, the above projective representation of G has a linearization if 
and only if its restriction to a p-Sylow subgroup of G does. 
Proof. We first show that the class [c] belongs to the p-primary component 
of ZP(G, U). By Lemma 1.2(c), the representation ~@(p-l) is a multiple of a 
unitary representation T’ belonging to 7c-1 , the class conjugate to T<: 
where I, is the identity on a vector space of dimension m = d(r))Pe2; this shows 
that the cocycle of the representation ~@(~pl) is [+I; but this is also [CID-~, so 
[cl” = 1, and the class c belongs to the p-primary component of H2(G, U). 
To achieve the proof, we use the fact that the restriction mapping 
H2(G U) - H2(G,, U), 
where G, is a p-Sylow subgroup of G is injective on the p-primary component 
of H2(G, U) [9, Chap. IX, Theorem 4, p. 1481. 
2. THE WEIL REPRESENTATIONS OF SYMPLECTIC GROUPS 
(ODD CHARACTERISTIC) 
2.1. Let E be a finite dimensional vector space over the field k of q 
elements, q odd, and j a nondegenerate alternating bilinear form on E. We put 
i = j/2, and also denote by i the isomorphism of E onto its dual given by 
(i(w), w’) = i(w, w’) = j(w, w’)/2. 
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Let H(E,j) be the set E x k with the law given by the usual product of matrices: 
WEE, xEk. P-1) 
The group H(E, j) is a central extension of E by k: 
O+k:H(E,j)-E-0 
z t-t (0, 4 
(w, x) t-t w. 
(2.2) 
DEFINITION. The group H(E, j) is called the Heisenberg group of the 
symplectic vector space (E,j). 
As in Lemma 1.1, the nondegeneracy of j implies the following result. 
LEMMA 2.1. Let the notations be as above. Then, 
(a) H(E, j) is a two-step nilpotent group with center the image 2 of k by e; 
(b) for any maximal totally isotropic subspace El of E, thepullback H(E,, j) = 
E, x Z of El in H(E, j) is a maximal commutative subgroup of H(E, j). 
With the definitions given in [4], we know that any Heisenberg group asso- 
ciated to a vector space of odd characteristic has the above form (4, 1.4.4, 
Lemme 9(ii), p. 36). 
2.2. Let S(E, j) be the group of the symplectic form j; for each s E S(E, j), 
the mapping (w, z) I-+ (SW, z) on H(E, j) defines an automorphism which leaves 
the center 2 pointwise fixed. On the matrices (2.1), this is the conjugation by 
1 
( i s . 1 
For any t E k*, the conjugation by 
t 
i 1 1 t-
defines an automorphism of SH(E, j) = S(E, j) H(E, j) which leaves S(E, j) 
pointwise fixed, and acts on (w, z) to give (tw, Pz). The semidirect product of 
k* by SH(E, j) is a maximal parabolic subgroup in the symplectic group 
S(E @ k”, j @ (or i)), and its unipotent radical is H(E, j). 
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If p is the characteristic of k, then H(E, j) is a p-group. The nondegeneracy of 
j shows that, for any nontrivial character of the center of H(E,j), the condition 
of Lemma 1.2 is satisfied; moreover, the hypothesis of Lemma 1.5 are satisfied 
for the p-group H(E, j), any nontrivial character of its center 2 which is a group 
of exponent p, and the group S(E, j) of automorphisms of H(E, j). 
2.3. For any vector subspace E’ of E, we define the subgroup H(E’,j) of 
H(E,j) as the pull-back of E’ by (2.2) and the group P(E’,j) (resp. PO(E’,j)) as 
the set of elements in S(E, j) which leave E’ invariant (resp. pointwise fixed). 
LEMMA 2.3. Let E, be any nontrivial totally isotropic subspace of E and E+i 
its orthogonal. Keep the above notations. Then: 
(a) H(E+ , j) is a commutative invariant subgroup of H(E, j) isomorphic to 
E+ x Z; there is a decomposition: 
0 + E, ---z H(E+I, j) + H(E, , jO) -+ 1 (2.3) 
where E, = E,lIE, and j, is the symplectic form induced by j on E,; 
(b) P(E+ , j) is a maximal parabolic subgroup of S(E, j); its type is the 
complement of the marked vertex of the following Dynkin graph of type C, , where 
21 (resp. 21,) is the dimension of E (resp. E,): 
moreover, any maximal parabolic subgroup of S(E, j) is the stabilizer of a nontrivial 
isotropic subspace of E; 
(c) the action of P(E+ , j) on E, gives the following decomposition: 
1 - P”(E+ , j) + P(E+ , j) + GL(E+) --L I (2.4) 
as a semidirect product; the action of P(E, , j) on E+l leaves the subgroup E, of 
H(E+l, j) invariant; the corresponding action on H(E, , jo) via (2.3) defines a 
surjective homomorphism : 
P(E+ , i> - S(Eo , jo); (2.5) 
(d) the unique nontrivial real one-dimensional representation xE+ of P(E+ , j) 
which is trivial on PO(E+ , j) is given by xE+(s) = (det,+ s)(~-*)/~. 
Proof. We choose a supplementary space of E, in E+‘- and we identify it 
with E. ; the restriction of j to this subspace corresponds to the form j,; by 
construction, j, is nondegenerate and alternating on E,; as a subspace of the 
orthogonal of E. , E+ is maximal isotropic; we choose an isotropic complement 
E- of E+ + E, = E,l. The linear transformations on E will be written as 
block matrices 3 by 3. 
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Part (a) is clear. The elements of P = P(E+ , j) take the form 
Q+ * * 
i 1 a0 * a- 
where ah E GL(E*), a- being the contragredient of a+ with respect to j : 
j(a+x, a-y) = j(,, y), x E E, , y E E- , and a, being self-contragredient, that is 
a, E S(Eo ,io). 
Now (b) follows from the characterization of the maximal parabolic subgroups 
in a group of type C, . 
For (c), we remark that PO(E+ , j) corresponds to the above elements of P with 
a - a- = 1; this gives the exact sequence (2.4) and its splitting. The subspace 
E:Lbeing also invariant by P, P acts on H(E+I, j) and leaves its subgroup E, 
invariant; hence it acts on the factor group H(E, , jo), and the surjectivity of 
(2.5) is clear. 
For (d), we remark that, Q being odd, the commutator subgroup of GL(E+) is 
the kernel of the determinant; the one-dimensional representations of GL(E+) 
factor through the determinant, hence are characters of the cyclic group k* 
which has an even order q - 1. So, the only nontrivial real character is 
t I-+ t’q-1)/3, and (d) follows. 
2.4. Let E = E+ + E- be a Witt decomposition of E; these two sub- 
spaces are put in duality by j, and this identifies each subspace with the dual of 
the other, in such a way that (1.1) is satisfied. Let G = P(E+ , j) n P(.E... , j) the 
stabilizer of E+ and E- . By the Weil representation WC of G, we mean the Weil 
representation of G(E+) in Proposition 1.4. This is also the Weil representation of 
G(E) via the identification of E+ with the dual of E- (1.1). 
THEOREM 2.4. Let (E, j) be a nondegenerate symplectic space of dimension 21 over 
the finite field k of odd order q, H(E, j) its Heisenberg group with the symplectic 
group S(E, j) of automorphisms, and SH(E, j) their semidirect product. Let 5 be 
a nontrivial character of the center Z of H(E, j), and r)iE,j) the class of irreducible 
representations of H(E, j) given by 5 on 2. 
(a) There exists a unique class Wy*j) of representations of S(E, j), called the 
Weil representation of S(E, j) associated to 5, with the following properties: 
(a’) for any realization 7 of r]iE*j), there is a representation of SH(E, j) on 
the space of 77 given by 7 on H(E, j) and the restriction of which to S(E, j) belongs to 
WiE.1). > 
(a”) fog 1 = 1, q = 3, WiE*j) is disjoint from its complex conjugate. 
&I/&/I-j 
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(b) Let E+ be a nontrivial totally isotropic subspace of E, and xE+ the character 
of its stabilizer P(E+ , j) in S(E, j) de$ned by SH (det,+ s)(q--1)/a. With the 
notations of Lemma 2.3, choose a representation of SH(E,, , j,) as in (a’); let r+ be 
the representation of P(E+ , j) H(E, j) induced by itspull-back to P(E+ , j) H(E,.I, j) 
via (2.3) and (2.5). Then there is a unique representation of SH(E, j) on the space of 
7r+ which is n-+ on P(E+ , j) H(E, j), and this representation belongs to W;E.j). 
(c) Let E = E+ + E- be a Witt decomposition of E, and G the stabihzer of 
E+ and E- in S(E, j); the restriction of W LE*j) to G is xG @ WG, where xG is the 
unique nontrivial one-dimensional real representation of G and WG the Weil 
representation of G. 
(d) For any two nontrivial characters 5’ and 5” of Z, the Weil representations 
Wj;si’ and W;fd are the same if and only if 4’ and 5” are conjugate by a nonzero 
square of k: r(eS) = <‘(etzz) for a t E k*, any x E k. 
Proof. (1) The only symplectic group over a finite field of odd order which 
is not its own commutator subgroup is Sp,(F,) = SL,(F,) [2, 116 and 1031. This 
shows that, if there exists an extension at all of 7iE*j) to SH = SH(E, j), then, 
from the irreducibility of 7< (s*j), this extension is unique, except for the case 
I = I, q = 3. We write S for S(E, j). 
(2) Take a maximal isotropic subspace E+ of E; its dimension is 1. Put 
H = H(E, j), P = P(E+ , j). The representation 7 of PH obtained by the 
method given in (b) is induced by the one-dimensional representation xE+. 
1 . 5 of the group PEJ; on 2, w is given by 5 and its degree is the index of E+ in 
E, that is [H : 2]1/2; on H, r gives a representation 7 belonging to 7iz.j) by 
Lemma 1.2; on P, v gives a representation m+ which extends 7. Now, we observe 
that P contains a p-Sylow subgroup of S, as does every parabolic subgroup. By 
Lemma 1.5, this shows that 7 has an extension to SH. 
(3) Fix a Witt decomposition E = E+ + E- , and let P, S, H be as above. 
The elements of S are written as block matrices corresponding to this decom- 
position. The representation n of PH is realized in the space C[E-] of complex 
functions on E- . We write T(Z) = [(eL), x E k. The action of H is: 
(7(@0)(~0))F)(~) = 7 oily, ~F(Y + YO’O), xo~E+, ~c,‘oE-, (2.6) 
where (w) = (w, 0) f or w E E. The action of P is given by the following formulas: 
(~+(W)(Y) = xE+(4W1~) if s stabilizes E+ and G ; (2.7) 
(~+W)(Y) = !7s’(Y) F(Y) if s leaves E, pointwise fixed, (2.8) 
where qsc is the quadratic character on E- defined as follows, if s = (‘, i): 
d(y) = mW = 7 0 W Y), i = j/2. (2.9) 
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The maximality of P implies that S is generated by P and any symplectic 
transformation s which exchanges E+ and E-; there is an operator 7T(s) which 
sends 7(/z) on ~(shs-l) for all h E H, given by the Fourier transform [12, p. 1601: 
bwF)(Y) = *wlY) if s exchanges E+ and E- , (2.10) 
the Fourier transform of F E C[E-] is the function *F E C[E+] given by 
*F(x) = 
s F(Y) 7 DAY, 4 dy, .c 
dy = qzj2. (2.11) 
E- E- 
Now, if p is a representation of SH which extends 7, its restriction to P differs 
from rr+ only by a character of P; call (T its restriction to S: 
4) = d4 x(4 n+(s) for s = (t i) (; J1,) E P; (2.12) 
here x is a character of GL(E+) and 9 a character of the additive group of all 
i-skew-symmetric homomorphisms b: E- + E+ such that 
qJ(a+ba~l) = y(b) for all a, E GL(E+), a- being its contragredient. 
This condition implies easily q~ = 1, except in the case 1 = 1, q = 3; in this 
latter case, any one-dimensional representation of R = PO(E+ , j) is fixed by the 
action of P, and can be extended to S, so we can also take q~ = 1. 
If b is any i-symmetric isomorphism of E- onto E, , we have the relation 
(cf. [12, p. 153, (9)]): 
which gives the corresponding relation between the operators. We define a 
function $ on the set of isomorphisms of E- onto E+ with values in U by: 
u(s) = #(c-l) G(s) for s= 
( 1 
O c’ ES 
co * 
(2.14) 
By u, the left-hand side of (2.13) acts on F E C[E-] to give the function 
Y t+ #t--b) VW jBeX, qo’(y’) qi?y”) T oj(y’, -by> T oi(y”, by’)F(y”) 4’ 4”; 
here, qbr is given by(2.9). By the transformation of Gaussian sums [12, Theorem 2, 
p. 1611, there is a complex number w:(b) E U such that 
s qt,W 7 DAY’, -4~ + Y”)) 4’ E- 
= 44 PbT(Y + Y”>-l = d(b) 411a(Y + Y”), 
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but qb7(y + y”) = qb7(y) pb7(y”) T oi(by, y”), hence the above function is 
The right-hand side of 2.13 is 4(--b) &y)*J’-by); from (qbr)-r = qTb, we get 
?w 44 = 1, for any i-symmetric isomorphism 6: E- + E+ . (2.16) 
Taking a decomposition of the quadratic form y t-+ i(by, y) on .E- in a sum of 
I squares of independent linear forms, we see that [4, Lemme 3, p. lo]: 
w;(b) = W(T) Ll(b)‘l-4’12, W(T) = j @/2) dt, W(T)” = (-l)o-Q’iz, (2.17) 
k 
where d is the discriminant of the form. 
A relation between # and x is given by the relation (z g’)(i 8,) = (,“, c2’) in S, 
which gives #(c-r) X(a)(det CZ)(~-Q)/~ = #(a-lc-l); to get x(a), it suffices to consider 
the a which is split semisimple; but for such an a, there is an i-symmetric 
isomorphism b of E- onto E+ for which ab is symmetric also; writing the above 
relation for c-l = ab, we get x(a)(det a)+Q)12 = g?(b)/tp(ab) = w;(ab)/wg(b) = 
(d(ab)/d(b))(1-Q)/2 = (det u)(~-Q)/~ by (2.16) and (2.17), and x = 1 as asserted in 
statement (b). Finally, this implies #(c-l) = w(T)-‘(det c)(~-*)/~: 
(IF) = w(T)-l(det c)+*)/~ *F(c-ly), for .T= 
t 1 
0 ;’ ES. (2.18) 
To summarize, we have shown that, for every maximal totally isotropic 
subspace E+ of E, the above representation rr+ of PH = P(E+ ,j) H(E,j) has a 
unique extension p = u . r) to SH = S(E, j) H(E, j). So cr belongs to IWJ), 
except perhaps for E = 1, q = 3. 
(4) For I = 1 and q = 3, it remains to check that the representation CJ of 
(3) is the only one which is disjoint from its conjugate. In this case, we use the 
fact that the group Sp,(F,) has 3, 2, 2, 2 as factors of composition [2, 1071, 
hence is isomorphic to the so-called diamond group over F, [4, 1.3.6, p. 211, for 
which the representations are classified in Proposition 3 of 1.3.7 p. 22 in [4]; with 
the notations of this proposition, the representation u has for simple components 
S:,, and 8-l, for a nontrivial character 0 of &‘, which depends on the choice of [ 
(we have written e-l for the one-dimensional representation which extends 0-l 
trivially); the other extensions are obtained by multiplication by a one-dimen- 
sional representation, that is by a character of & the condition given in 
statement (a) excludes the extensions 0(6:,, + d-1) = S:,,-, + 1 and 
eys:,, + e-1) = s:,, + $, which contain the real representations 1 and S:,, , 
respectively. Hence, (T is the only representation of S which is disjoint from its 
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complex conjugate and such. that the representation (T .v of SH extends 7; so, 
(a) and (b) are proved for I = 1, 4 = 3, E+ maximal totally isotropic subspace 
of E. 
(5) Take now any nontrivial totally isotropic subspace E, of E. VVe choose 
a decomposition E = E, + E, + E- as in the proof of Lemma 2.3. Then the 
restriction j, (resp. j’) of j to E. (resp. E, + E-) is nondegenerate. From part (3), 
assertion (b) will be proved if we show it for E, # 0. Let Z+ be the dimension of 
EL. The representation V+ of P has a realization in the complex space 
C[E+] @ E(Q) of functions on E- with values in the space E(Q,) of q,, , where 
we have chosen a representation T,, belonging to ~:Eo*jo): 
a+ 
(~+(V)(Y) = ~“+(s)~(a~~~h for s= 
i 1 
1 , (2.19) 
a- 
(~+W)(Y) = uow F(Y) for s E S, = S(E, , j,), (2.20) 
where CJ~ 9 Q, is the extension of Q, to S,H,, given by part (a); on the unipotent 
radical R of P, the representation is: 
1 - i(U)) i(by, y) + i(b”y, Vy) I b’ b 
(~+W)(Y) = 710 1 -b”y F(y), for s = 
1 i 1 
1 b” . 
(2121) 
We have to prove that rr+ admits a unique extension to S, and that this extension 
belongs to WIE,j). As 1 > 2, there is a unique extension of 7 to SH. 
The operator (2.21) for b’ = 0, hence b” = 0 also, gives the representation z=+ 
on the unipotent radical R’ of P’ = P(E, , j’): 
(~+W)(Y) = %(Y) F(Y) for s E RI, (2.22) 
where qsc is the quadratic character on Ew defined by 
!?s’(Y) = !?b’(Y> = 7 o i(bY, Y) 
The representation rr+ . 7 of PH extends the representation 7 of H obtained: 
M(~o)(YoN~)(~) = 7 oi(r, x0> F;(Y + yo) for x0 E E+ , y. E E- . (2.23) 
The character defined by xE + on P is given by the character it defines on P’. 
If we denote by i’ the restriction of i to E, + Es , part (3) of the proof shows 
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that, for every C-symmetric isomorphism b of E- onto E+ , there is an operator 
where s = (,-r 1 -‘), (2.24) 
the Fourier transform of F E C[E-] @ E(r),) being given by 
*F(x) = 
s F(Y) 7 Oi(Y? 4 dYi E- 
those operators are such that the formulas (2.18), (2.22), (2.24) define, up to 
the product by a one-dimensional representation of S’ = S(E+ + Ep), all the 
extensions of 7 to S’. 
The hypothesis E,, # 0 implies that R’ is contained in the commutator sub- 
group of P; this, with the action of GL(E+) on Hom(E, , E+) on the left, shows 
that (2.21) is the restriction to R of any extension of 7 to P. Hence, the above one- 
dimensional representations of S’ must be trivial on R’ if n+ comes from a 
representation u ‘71 of SH which extends 7. We have proved that o = ir+ on P’ 
and R. The only possible difference between rr+ and the restriction of CJ to P 
could be a one-dimensional representation of S, in (2.20). Such a representation 
is trivial, except perhaps for lo = I, p = 3, where it is trivial if and only if its 
restriction to R, , a 3-Sylow subgroup of S, , is. From E+ # 0, we can choose a 
one-dimensional subspace E.,’ of E+ in duality by j’ with a one-dimensional 
subspace E-” of E-; let S’ be the stabilizer of E’ in S, E’ = E,’ + E_‘. The 
group S’ is a subgroup of s’, and is conjugate to S,, in S; hence R, is conjugate 
to R’ := R’ f? 5”. On R’, the representation CT is given by (2.22): On the non- 
trivial elements of R’, its character is &(-3)l123; on R, , the representation us 
is given by (2.8), which gives the same character on the nontrivial element of R,; 
the nontrivial representations of degree 1 of S,, take on R, the values 
(- I * (-3)lj2)/2; the equality of the character of cr on R, and R’ implies that 
(2.20) is the restriction to S,, of 0. This achieves the proof of part (b). 
(6) Part (c) is immediate from step (3) of the proof. 
(7) For (d), we write t” for the element 
of the automorphism group of SH(E, j) : f sends e* on etzz, z E K, hence the 
character 5 on 2 on the character tl given by (t[)(e”) = c(etMzz), and the class 
7LE*j) on rltr: tE*i’. The action of t being trivial on S, the Weil representation W~EJ 
is fixed by t, and satisfies conditions (a’), (a”) of the theorem, so we have 
WjEd = W(E,i) 
It remainlrto verify that, for two nontrivial characters 5’ and 5” of Z which 
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are not conjugate by k*, the corresponding Weil representations are distinct. 
For that, we use the restriction (2.22) corresponding to a decomposition 
E = E+ + E,, + E- as in step (5), with E+ and E- one-dimensional; the trace 
of the operators (2.22) is 4-l J&- 4,6(y), s E R’. The characters 5’ and 5” of Z are 
not conjugate if and only if c”(@) = [‘(etz) for a t E k* nonsquare; but, for a 
nontrivial character T of k and a nonsquare t E k, we have 
$ +y2/4 = - 1 7(Y2/2) f 0, 
k 
(cf. [4, 1.1.9, lemme 3, (3), p. IO]). This proves (d). 
2.5. Let E = C ET be a direct sum of orthogonal subspaces of the 
symplectic space (E, j). The restrictionj, ofj to E’ is a nondegenerate symplectic 
form, and we have the embeddings H’ = H(E’,j,.) --+ H = H(E,j); the group 
H is the central product of the invariant subgroups HT. The stabilizer in 
S = S(E, j) of all the subspaces ET is the direct product n ST, S’ = S(E’, j,). 
COROLLARY 2.5. Keep the above notations. Then: 
w(E,j) = @ Wr(E’,b) 
5 on n ST. (2.25) 
Proof, For each r, we choose a Witt decomposition E’ = Eer + E,’ and 
construct the corresponding representation q7 of Hr, w+~ of Pr = P(E++, jr), or of 
Sr as in step (3) of the proof of Theorem 2.4. If E+ = C E,’ and E -= 2 E-*, 
then E = E+ + E- is a Witt decomposition; let 7, rr+ , o be the corresponding 
representations of H, P, S. We identify the space C[E-] of 7 with @ C[EWr], the 
space of nr. The restriction of (J . n to n SrHr extends the representation of 
r]: Pr given by rr+ , which is the restriction to n PT of the representation induced 
by 
(s, w, z) E P . E, - 2 w x’+(s) {(x); 
but x~+(s) = lJ xE’(s,.) for s = (sr); so, this representation of IJ P’ is the tensor 
product of the rr+r; but, by the theorem, there is only one extension of rIr to Sr, 
the representation a’; hence the restriction of u to n ST is @ or. 
2.6. Suppose now that k’ is a finite extension of k, E’ a vector space on 
k’ with a nondegenerate symplectic form j’, such that the underlying k-space 
is E and j(%, y) = TrR,,kj’(X, y), X, y E E’. The mapping 
(w, 4 +-+ (w, Trk,/, 4, WEE’, Z’EK’, (2.26) 
is a surjective homomorphism of H(E’,j’) onto H(E,j), and we have a natural 
injection of S(E’,j’) into S(E,j), compatible with (2.26). 
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COROLLARY 2.6. Keep the above notations. Let 5 be a nontrivial character of 
the center Z of H(E, j), and 4’ the character of the center 2’ of H(E’, j’) given by the 
pull-back of 5 to 2’ by (2.26). Then c is nontrivial, and 
wjp’) = w 
Y-j) on S(E’, j’). (2.27) 
Proof. The surjectivity of the mapping Trlc,ik implies that 5’ is nontrivial. 
We now choose a maximal isotropic k’-subspace Ei of E’; the underlying 
k-vector space E+ is also isotropic, with respect to j. The stabilizer P’ of Ei in 
S(E’,j’) is contained in the stabilizer P of E+ in S(E, j). To prove the statement, 
it suffices, from part (b) of the theorem, to verify that xE; is the restriction of 
xE+ to P’, but this follows from the following relation: 
t’l-O/Z = (jj7k’,kt)‘lc”‘/? for t E k’*, 
if 4’ is the order of k’. 
3. THE WEIL REPRESENTATIONS OF UNITARY GROUPS 
3.1. Let K be a quadratic extension of the finite field k with q elements; 
we denote the conjugation of K/k by -. By a K/k-unitary space, we mean a 
vector space F over K with a nondegenerate skew-hermitian form i. We also 
denote by i the corresponding semi-isomorphism from F onto its dual “F given 
by: 
(i(w), w’} = i(w, w’), w, w’ GF. 
The underlying k-vector space of F is denoted E; the form j on E: 
j = Tr,,, i: j(w, w’) = i(w, w’) - i(w’, w), w, w’ E F, (3.1) 
is a nondegenerate symplectic form on E. 
Let U(F, i) be the unitary group of (F, i); by (3.1), we have an embedding of 
U(F, ;) into the symplectic group S(E, j) of the form j on E: 
U(F, i) + S(E, j). (3.2) 
Let H(F, i) be the set of elements 
(w, 27) = w EF, z E K, u” - z = i(w, w). (3.3) 
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LEMMA 3.1. Let the notations be as above. Then: 
(a) H(F, i) is a group for the law given by the product of matrices; its center Z 
is isomorphic to k by z w (0, z), and it is a two-step nilpotent group: 
0-tkLH(F,i)-F-O 
z - (0, 4, (3.4) 
(w, 2) F-F w; 
(b) the unitary group U(F, i) acts on H(F, i) as a group of automorphisms 
leaving the centerpointwisefixed, by u: (w, 2) t+ (uw, z); 
(c) the multiplicative group of K acts as a group of automorphisms of 
‘UH(F, i) = U(F, i) H(F, i) by t: (w, .z) ++ (tw, ttz); 
(d) for q odd, the mapping: 
(w, z> k-+ (w, z + i(w, w)P), w E E, ZE k, (3.5) 
is an isomorphism of H(E, j) onto H(F, i), compatible with (3.2). 
Proof. (a) We verify that the product on the matrices (3.3) defines on H(F, i) 
a group law: (w, z)(w’, z’) = (w + w’, z + z’ + i(w, w’)). The form i being 
nondegenerate, the center 2 correspond to the elements (0, z), x E k, and the 
rest of (a) is immediate. 
(b) As just seen, the cocycle of the extension (3.4) is given by i, so U(F, i) 
is a group of automorphisms of H(F, i) leaving the center pointwise fixed; the 
elements of U(F, ;) can also be written as matrices 
1 
i 1 
u . 
1 
(c) and (d) need only a verification; for (c), the action of K* can be read 
as the conjugation by the matrices 
tEK*; 
for (d) cf. [4, lemme 9(ii), p. 361. 
Remark. The group defined by the semidirect product of K by UH(F, i) 
defined by (c) in the lemma, is a maximal parabolic subgroup of the unitary 
group of the space F @ K with the skew-hermitian form direct sum of i on F 
and (x, y) H xy - $9 on K; its unipotent radical is H(F, i). 
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3.2, For any vector subspace F’ (F, we write H(F’, i) for the pull-back of 
F’ in H(F,i), and Q(F’, i) (resp. QO(F’, i)) for th e subgroup of U(F, i) which leaves 
F’ invariant (resp. pointwise frxed). The proof of the following lemma is the 
same as in Lemma 2.3. 
LEMMA 3.2. Let F+ be any nontrivial totally isotropic subspace of F, and F+l 
its orthogonal. Keep the above notations. Then: 
(a) H(F+ , i) is a commutative invariant subgroup of H(F, i), equal to 
F+ x Z by (3.3); there is a decomposition: 
0 + F+ ---f H(F+I, i) ---f H(F, , io) -+ 1 (3.6) 
where F, = F+IIF+ and i,, is the nondegenerate skew-hermitian form on F, induced 
by i; 
(b) Q(F+ , i) is a maximal parabolic subgroup of U(F, i); its type is the com- 
plement of the marked orbit of the following Dynkin graph of type 2A12-1 where n 
(resp. no) is the dimension of F (resp. F,,): 
no/2 
~f~~~~~~@ for n odd. 
Moreover, any maximalparabolic subgroup of U(F, i) is the stabilizer of a nontrivial 
isotropic subspace; 
(c) The action of Q(F+ , i) on F+ gives the decomposition: 
1 - QO(F+ , i) - Q(F+ , i) -+ GL(F+) --t 1 (3.7) 
as a semidirect product; the group Q(F+. , i) acts on H(F+I, i) leaving F+ invariant; 
the corresponding action on H(F, , io) via (3.6) defines a surjective homomorphism: 
Q(F+ , i) H(F+I, 4 - UP’,, io) H(Fo , io). (3.8) 
3.3. Let 5 be a nontrivial character of the center 2 of H(F, i); it corre- 
sponds to a nontrivial character T of k by (3.4): T(Z) = 5(eZ), z E k. The com- 
mutator of two elements of H(F, i ) is read on k as the value ofj on their projection 
WEIL REPRESENTATIONS 73 
in F by (3.4). Th e nondegeneracy ofj implies that, for every nonzero w E F, there 
is w’ E F such that j(w, w’) # 0, hence i(w) E *F is nonzero. This shows that the 
group H(F, ;), its center 2, and any nontrivial character 5 of 2 satisfy the 
hypothesis of Lemma 1.2. Let T:F*“) be the class of irreducible representations of 
H(F, i) given by 5 on Z, the group U(F, ;) fixes 7iFsi), so there exists a projective 
class of representations of U(F, i) which extends ~i~*~). As 2 is a group of 
exponent p, the characteristic of K, the conditions of Lemma 1.5 are satisfied. 
THEOREM 3.3. Let F be a K/k-unitary vector space of dimension n, the Jinite 
Jield k having q elements. Keep the above notations. Then: 
(a) There exists a unique class WcFsi) of representations of U(F, i), called the 
Weil representation of U(F, i), such that 
(a’) for any realization 71 of 7 iFsi), there is a representation of UH(F, i) which 
is 7 on H(F, i) and the restriction of which to U(F, i) belongs to W(F*i), 
(a”) for q odd, under the isomorphism (3.5) of H(E, j) and H(F, i), 
w(F.e’) = X(F,i) 0 #E,d on U(F, i), (3.9) 
where WjE*j) is the Weil representation of S(E, j) associated to 5, and J$~*~) is the 
unique nontrivial one-dimensional real representation of U(F, i); 
(a”‘) for q even, WCFsi) is real, and moreover for n = 2, q = 2, WcF*i) 
contains no representation of U(F, i) which factors through the determinant; 
(b) let F+ be a nontrivial totally isotropic subspace of F, Q(F+ , i) its stabilizer 
in U(F, i), and, with the notations of Lemma 3.2, p,, a representation of UH(F, , io) 
as in (a’); call K+ the representation of Q(F+ , i) H(F, i) induced by the pull-back of p,, 
to Q(F+ , i) H(F+I, i) via (3.8); then there exists a unique representation of UH(F, i) 
on the space of K+ , which is K+ on Q(F+ , i) H(F, i), and this representation belongs to 
WtF i); 
(c) for n = 1, WtFsi) is the sum of all the nontrivial classes of representations 
of degree one of U(F, i). 
Proof. (1) For q odd, it is well known that the special unitary groups over the 
finite fields are their own commutator subgroup, except for SU(F,) = SL,(F,), 
but here the commutator subgroup has index 3, so, in every case, any one- 
dimensional real representation of U(F, i) factors through the determinant, and 
is a representation of the cyclic group of order q + 1, which is even. Hence, the 
unique nontrivial one-dimensional real representation of U(F, i), for q odd, is 
X(F.i)(U) = (&t u)(l+q)P, u E U(F, i). 
(2) For a nontrivial character 5 of 2, let, for q odd, W:F,O be the representa- 
tion of U(F, i) given by ~(~3”) @ WiE*j) via the injection (3.2); for q even, assume 
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we have proved the existence and uniqueness of a class JVjF*I) of representations 
U(F, 2) relative to ~2~9~) such that (a’) and (a”‘) are satisfied. Take two nontrivial 
characters 5’ and 5” of 2; the norm mapping from K* to k* being surjective, 
these characters are conjugate by an element t E K*: c”(eZ) = c’(etiL), z E k. By 
Lemma 3.1(c), the action of t on (UH)(F, i) 1 eaves U(F, ;) pointwise fixed; this 
action sends W$si’ . q$*i’ onto Wjf,i’ . ~iy*~‘; by the definition of WjFJ) for q odd, 
and by the assumed hypothesis for Q even, the representation Wj!*i’ satisfies the 
condition for the character i’, hence PI ~~!~i’ = W:fsi). This shows that the W’eil 
representation WiFsi) is the same for all 5. 
(3) Let F+ be a nontrivial totally isotropic subspace of F; it is a nontrivial 
isotropic subspace E+ of E, the underlying k-vector spaces, for the formj (3.1); 
the stabilizer Q = Q(F+ , ;) of F+ in U(F, z’) is contained in the stabilizer 
P = P(E+ ,i) of E+ in S(E,j). For q odd, Theorem 2.4 gives the restriction n+ 
of the Weil representation W:E,j) to P; to prove (b) for q odd, it suffices to verify 
that, on Q, the characters ~(~3~) and xE+ . x (Fo-io) are the same. For u E Q, we have 
+(u) = (NKIu detr+#)(1--g)12, 
x(Fu,io)(u) = (det, u)(l+~)/z, 
xE+(u) J$~~~~~‘(u) = (det,+(u) dctr+(U)-4 detFO(U))tl+*)/z; 
but u leaves E’, and F+l invariant, hence its determinant is the product of the 
determinants of the transformations induced by u on F,. , F+I/F+ , F/F+l, which 
are det,+ u, detFO u, and the determinant of the contragredient of the restriction 
of u toF+, that is (det,+ u))“, and det u = (det, + u)l-* detFo u, so 
We have therefore proved (b) when q is odd. 
(4) Suppose now that n = dim F is even, that is i is of index 0. We fix a 
Witt decomposition F = F+ f-F_ , and consider the representation K+ of 
Q = Q(F+ , i) obtained by inducing to QH the one-dimensional representation 
1 . 5 of QH(F+ , i), given by 
We have a realization of this representation in the space C[F-] of complex 
functions on F- by the formulas given in step (3) of the proof of Theorem 2.4, 
modified as follows: the character x E+ is now trivial, and S, E, E+ , P, E- , n+ , u 
have to be read respectively U, F, F, , Q, F- , G, u. For an element u of U(F, i) 
which exchanges F+ and F_ , we define the operator r;‘(u) by (2.10), the Fourier 
transform being still given by (2.11). 
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Now let v .v be an extension to UH of 7; on the subgroup Q” = QO(F+ , i) 
which leaves F+ pointwise fixed, v is given by K+ , up to a one-dimensional 
representation of Q”; as in the symplectic case, this character comes from a 
one-dimensional representation of U, which does not factor through the deter- 
minant only in the case n = 2, 4 = 2 or 3. The case p = 3 was solved in (3). 
The restriction of v to the stabilizer of F+ and Fe is given by 
(vw)(Y) = V-lY) U= t 1 
* OElJ 
o* ’ 
(3.10) 
up to a one-dimensional representation; if we write u = (“,,), this character is a 
one-dimensional representation of GL(F+). The conjugation by the elements 
which exchange F+ and F- implies that this representation x must be invariant by 
a I-+ c’uc-1 for (,“‘) E U; but here, any one-dimensional representation of GL(F+) 
factors through the determinant, so our representation satisfies x = x-q, which 
means it factors through a t-t (det a)l-c = det(aa’): x comes from a one- 
dimensional representation of U. 
The identity (2.13) for any symmetric isomorphism 6: F- ---f F+ leads to the 
corresponding identity on the operators. As seen above, we may suppose that v 
is given on Q” by K+ , so the computations of step (3) of the proof of Theorem 2.4 
can be written here, to give the restriction of v on the set of elements in U which 
exchange F+ and F-; we find that 
(VW)(Y) = &u) *F(u-ly), for u= 
b 
( 1 b-1 ' 
(3.11) 
where b is an i-symmetric isomorphism of F- onto F+ and where w;(u) = 
j-F_ 7 0 i(by, Y> dy> and the Fourier transform is still given by (2.11). To compute 
wi, we choose a basis of F- , with its dual basis in F+ , where the hermitian form 
y H i(by, y) is a sum of n/2 forms of the type y I-+ tyy, y E K, t E k*. So W;(U) 
is a product of n/2 terms SK ~(tyy) dy, which are all equal to - 1 (cf. [4, lemme 4,1, 
1.10, p. 111): 
w;(u) = (-I)+ if u exchanges F+ and F- . (3.12) 
We have shown that, up to a character of U, any extension v * 7 of 7 to UH is 
given by K+ on Q: (3.10) and 
MumY) = !?UYY)F(Y)? UEQO, (3.13) 
where qu is the quadratic character on F- given by 
quYr) = 7 0 i(by, Y> 
1 b 
for u= 1 EQO. i 1 
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Moreover, u is entirely defined by (3.10), (3.1 l), (3.13), up to a one-dimensional 
representation of U. 
The group U being generated by Q and its conjugates, a one-dimensional 
representation of U is trivial if and only if its restriction to Q does. So these 
formulas give the unique extension v of 71 to li which is given on Q by K+ . 
For 4 odd, we have seen in (3) that this u belongs to LVF,i). For q even, the 
character c of 2 takes only the values & 1, hence the only one-dimensional 
representation x of U such that the restriction of u to Q is real corresponds to 
a real x; this implies x = I except for n = 2, q = 2, and v belongs to lVF,O, 
except perhaps in this case. 
(5) For n = 2, q = 2, the group U is isomorphic to the direct product 
Z/32 x oj, . The representation u given above has the decomposition: 
1, = 1 0 pz + (E + e-l> 0 p1 , 
where pz is the irreducible representation of degree 2 of 8, given by its action on 
a triangle (it corresponds to the Steinberg representation of SU,(F,) = SL,(F,)), 
p1 is the sign on @ia (it corresponds to the unique cuspidal representation of 
SL,(F,)), and 1, E, e-l are the three characters of Z/32 extended trivially to 8, 
(they correspond to the one-dimensional representations of U which factor 
through the determinant). The real representations of U obtained from 7 are 
given by v and the product of u by 1 @ p1 , the only one-dimensional real 
representation of U which is not trivial; but this representation contains E and 
e-1, which are excluded by (a”‘), so the representation belonging to W(F*i) is u, 
and (a) and (b) are proved for 12 = 2, q = 2. 
(6) Now let F+ be any nontrivial totally isotropic subspace, and take 
a Witt decomposition of F: 
F=F++F,,+F-, (direct sum), 
with F- isotropic (hence isomorphic to the dual of F+) and F,, orthogonal to 
F+ + F- . We call i,, (resp. C) the restriction of i to F, (resp. F+ + F-); they are 
two nondegenerate skew-hermitian forms. Now the proof works exactly as in 
step (5) of the proof of Theorem 2.4, where S, E, E+ , E. , E- , P, S, , zr+ , a, 3, 
must be read respectively U, F, F+ , F. , F- , Q, U, , K+ , u, U’, and the one- 
dimensional representation xE+ is now trivial. 
We want to show that there exists a unique representation of HU on the space 
of F+ which is K+ on Q, 7 on H, and such that its restriction to U belongs to 
W(F,i). 
From step (4), we see that the formulas obtained from (2.18), (2.22), (2.24) 
define, up to a twisting by a one-dimensional representation of u’, all the 
representations p of U’ in the space of V, such that p(d) p(h) p(d)-l = p(u’h~‘-~), 
for all h E H, u’ E U’. These formulas are: 
(+~F)(Y) = FWlo) (3.14) 
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if u exchanges F+ and F- and leaves F,, pointwise fixed, FE C[F-] @ E(Q,); 
6WW) = ~,YY)F(Y), for u E R’, (3.15) 
the unipotent radical of Q’, where qu 6 is the quadratic character on F- defined by 
4uYY) = ST(Y) = 7 o i(bY, Y) for u= 
(+W(Y) = t-1)“’ “Fb-ly), where n’ = dim F+ , 
(3.16) 
u exchanges F+ and F- and leaves F. pointwise fixed, and the Fourier transform is 
given by 
*F(x) = 
s F(Y) T Oi(Y, 4 dY, XEF+, 
dy = 4”‘. 
F- s F- 
We also verify that, from F, # 0, the subgroup R’ lies in the commutator sub- 
group of Q, hence, as in the symplectic case, the restriction to R of any extension 
of 77 to Q is given by the formula corresponding to (2.21): 
1 - i(Q) i(by, y) + WY, 0) 
(~W)(Y) = rlo.r 1 y )F(y)foru=(1 y !“). 
(3.17) 
This implies that the above one-dimensional representation of U’ must be 
trivial on R’, hence factors through the determinant. 
The restriction of any extension v of 77 to U to the subgroup U, is given by the 
formula corresponding to (2.20), up to a one-dimensional representation of U,: 
bW)(Y) = vob)F(Y) for u E uo * (3.18) 
This one-dimensional representation of U,, factors through the determinant 
except perhaps for no = dim E, = 2 and q = 2, where it factors through the 
determinant if and only if it is trivial on the unipotent radical R. of a proper 
parabolic subgroup of U,; by (3.13), the character of u. on the nontrivial element 
of R, is -2.2”‘, n’ = dimF+ . We choose now a one-dimensional subspace 
F,’ CF, , in duality with a one-dimensional subspace F-’ CF- . Let U’ the 
stabilizer ofF’ = F,’ + F-” in U’; it is a subgroup conjugate to U, in U, hence 
R. is conjugate to R’ = R’ n U’. On R’, the representation v is given by (3.15), 
which gives the character -2.2”’ on its nontrivial element. This show that, even 
for no = 2, q = 2, the above one-dimensional representations of U, are trivial 
on R, , hence factor through the determinant in every case. 
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We have shown that any extension II ‘r] of 7 to UH is given on Q by K,. , that is by 
(3.14), (3.15), (3.17), (3.18), up to the product by a one-dimensional representa- 
tion of U which factors through the determinant. The group U being generated 
by Q and its conjugates, such a character x is trivial if and only if it is trivial on Q; 
in particular, if the restriction of v is K+ , then x = 1. Hence there exists a unique 
extension v of 7 to U which is K+ on Q; this representation is given on the space 
C[F-] 0 E(I],) by (3.14)-(3.18). 
To achieve the proof of (b), it remains to verify that this representation 
belongs to W’F*i). For Q odd, this has been seen in (4). The exceptional case 
n = 2, q = 2 does not occur here where n >, 3. Suppose now that q is even; 
we have to show that, if x is a one-dimensional representation of U which 
factors through the determinant such that the representation x @ u is real, 
then x = 1. By (3.14) and (3.18), the representation v is real on the subgroup of U 
which leaves the three subspaces F+ , F,, , F- invariant, and x must be real on 
this subgroup; hence everywhere; but this immediately implies x = 1. This 
proves that v belongs to iWFsi), and (b) is entirely proved. 
(7) Part (c) can be done directly; it was also proved in [4, lemme 8, p. 321. 
(8) Let the notations be as in (b). The representation of the group 
Q(F+ , ;) H(F, z) induced by the representation given in the statement has degree 
qn, n = dim F, and is given by < on 2. Hence (Lemma 1.2) on H(F, i) it is an 
irreducible representation 9 belonging to the class 7iF**), and it gives an extension 
K+ of 7 to Q(F+ , i). The group Q(F+ , i) being a parabolic subgroup of U(F, i) 
contains a p-Sylow subgroup of U(F, i) ( p is the characteristic of k), hence, by 
Lemma 1.3,~ has an extension p to HU(F, i). This is new only for p = 2; in this 
case, the conjugate representation p of p extends the conjugate representation 
+j of v, which also belongs to 7:F#i) (Lemma 1.2(c)); their restrictions u and ii to 
U(F, i) differ only by a one-dimensional representation x: U(F, i) -+ U; for 
71 = 1, Proposition 2, 1.3.7 of [4, p. 221 shows that we can take u = V, and ZJ is the 
only real representation of U(F, ) i extending 7; for n > 1, the commutator 
subgroup of U,(F,), q even, has q + 1 for index in U,(F,), except for U,(F,) 
which is the direct product of its center, a cyclic group of order 3, by sU,(F,) = 
SL,(F,) which is isomorphic to the symmetric group 6, ([2], 144, 151; and, for 
U,(F,), [3], 6). Hence, except for n = 2, q = 2, the above character x of U(F, i) 
factors through the determinant, and comes from a character of the cyclic group 
of odd order q + 1: there exists a unique one-dimensional representation x1 
of U(F, i), which factors through the determinant and such that x = x12 = x$; 
the representation x1 @ v is then the unique real representation of U(F, i) such 
that (x1 @ V) .?I extends 7. This proves (a), except for 71 = 2, q = 2; but this 
case was solved in step (5). So the proof is complete. 
3.4. Let F = C Fr be a decomposition of the K/k-unitary vector space F 
in a sum of orthogonal subspaces; let i, be the restriction of i to Fr; then 
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(P, i,.) is a K/k-unitary vector space, and we have the natural embeddings: 
H(FT, i,) -+ H(F, i), U(F?, i,) -+ U(F, i), 
which show that H(F, ;) is the central product of its invariant subgroups H(Fr, i,), 
and that the product n U(Fr, &.) is the subgroup of U(F, z) of elements which 
leave invariant all the subspaces F’. 
COROLLARY 3.4. Keep the above notations. Then: 
WtF*‘) = @ j@F’sir) on fl U(F’, i,.). (3.19) 
Proof. When 4 is odd, Corollary 2.5 shows that (3.19) results from 
X(F.i) 
= l-I XcFrBiv’ on n U(F’, i,>, 
which is immediate. 
In general, we choose for each Y a Witt decomposition Fr = F+r + F,,T + F-r, 
the dimension of F-’ being the integral part of dimF7/2. We have the corre- 
sponding representations T+ of H’ = H(F*, i,), K+’ of Q = Q(F+‘, t), vr of 
UT = U(F’, i,) in the space C[Fpr] @ E(rlo7). To the decomposition F = 
F+ + F,, + F- , where F+ = C Frl, F,, = C F,*, F- = C FpT correspond the 
representations r] of H = H(F, ‘) z , K+ of Q = Q(F+ , i), v of U = U(F, i). Assume 
we have shown, with the obvious notations, the equality: 
w(W0) _ x -0 (F’ w O,~O ) on n u(F,‘, G,d. (3.20) 
Then, the restriction of v to n Q, which is given by K+ , is the restriction to 
n Qr of the representation induced by 
(~9 4 E QH(F+L, 4 - v&4 dh) 
via the mapping (3.8), where u,, is the extension of r), E r]:Fo*io) belonging to 
W(Fo*io). By (3.20), this representation is the tensor product of the K+~; by the 
theorem, the only extension of K ++ to UT is vr, and this gives (3.19). It remains to 
verify (3.20) which is (3.19) when dimFr = 1 for every r. There is nothing to 
prove for n = dim F = 1. For n > 1, we choose an involution, called opposition, 
on the indexes r. Such an involution Y H --I has at most one fixed point r,; we 
also choose a partition of the nonfixed elements in two opposite subsets denoted 
r > 0 and r < 0. For each r > 0, let Fr = F* + F-r, and let Pro = Fro if r,, 
exists, fro = 0 if there is no r,, . Then F = CR?, where the sum is over r > 0 
and r,, is a direct sum of orthogonal subspaces; by the above, we have 
w(F.0 = @ w(F’.i,) on n UT, U(F’, i,.) = U’, 
481/46/I-6 
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where i, is the restriction of i to Fr. So the corollary will be proved if we show that 
for Y > 0, W(F’*i~) = W(F’*ir) @J W(F-‘,(-r) on UT >: UP, that is, (3.19) for a 
vector space F of dimension 2 decomposed in two orthogonal subspaces. We are 
reduced to a computation in U,(F,), the formulas for a realization of lV’(“*i) 
being given by Theorem 3.3, that is by step (5) of the proof, and for UT and U-‘r 
by part (c) of the theorem. We leave it to the reader. 
3.5. Let k’ be an extension of k, and (F’, i’) a K//k/-unitary vector space; 
let F be the underlying K-space; we define a mapping from F x F to K by: 
i(x, y) = Tr,,,, il(x, y). (3.21) 
This form is K-linear in y, and is semilinear with respect to the first if and only if 
the degree [K’ : K] is odd. In this case, i is a nondegenerate skew-hermitian 
form on F, which leads to the surjective homomorphism: 
H(F’, i’) + H(F, i) 
by the mapping (w’, z’) + (w’, Tr,,,, z’), and an injection of the corresponding 
unitary groups: 
U(F’, i’) --f U(F, i). 
COROLLARY 3.5. Let k’ be mz extension of odd degree of k. Keep the above 
notations. Then: 
W(F’,i’) = W(F,i) on U(F’, i’). (3.22) 
Proof. (a) Suppose first that the order q of k is odd. Let j’ be the nondegenerate 
symplectic form Tr,,,,, i’ on E’, the underlying k’-vector space of F’ (3.1). By 
Corollary 2.6, we know that WIE’*J’) = WjE*j) on S(E’,j’) for any nontrivial 
character 5 of 2; from the definition of the Weil representation for q odd, it 
suffices to show that 
X (Psi’) = X’F,i’ on U(F’, i’). 
For u E U(F’, i’), $F’si’) = (det,, U) (1+@)/2, where q’ is the order of k’; let 
m=[k’:k]=[K’:K];thenq’=qmand1+q’=(1+q)(l-q++~~~qqm-1); 
the element detlc, u of K’ being in the kernel of the norm from K’ to k’, we have 
(det,j u)-Q’ = (det,, u)P?+‘” for r odd, so: 
which is (det, u)(r+*)/a = $F.~)(u). This p roves the corollary in odd charac- 
teristic. 
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(b) Suppose now that q is even. The restriction of IVFai) to U(F’, C) is a real 
representation of U(F’, i’) which satisfies condition (a’) of Theorem 3.3 for the 
characters 5’ of 2’ obtained from the nontrivial characters 5 of 2 by the formula 
[‘(EC) = [(eTrb’@); by Theorem 3.3 (the extraordinary case occurs only for 
K’ = K, which is trivial), this implies that this restriction is the Weil representa- 
tion of U(F’, i’). 
3.6. For a Witt decomposition of the K/k-unitary space F: 
F =F++F,$F- (direct sum), 
with F+ and F- isotropic and F,, orthogonal to F+ + F- , let G x U,, be the 
subgroup of U(F, i) which leaves invariant the three subspaces: U,, is the unitary 
group of the space F, with respect to the form i,, induced by i, and G is naturally 
isomorphic to the group G(E+) of the space F+ , F- being identified with its dual 
by i (the notation was introduced in 1.4). Then, from the theorem (more precisely 
from (3.14) and (3.18)): 
w(F.i) = WG * jJ~‘(~o*~o) on G x lJ, , (3.23) 
where WV is the Weil representation of G, that is the Weil representation WE+ 
of G(E+) (Proposition 1.4). 
4. THE CHARACTERS OF THE WEIL REPRESENTATIONS 
4.1, Let G be a reductive connected algebraic group defined over the 
finite field k. A horocyclic subgroup of G is the unipotent radical of some 
parabolic subgroup of G. A finite dimensional representation y of the finite group 
G = G(k) is called cuspidal if 
s y(u) du = 0 for any nontrivial k-horocyclic subgroup U of G. (4.1) u 
In particular, if G is a torus, then any finite dimensional representation of G is 
cuspidal. For a k-parabolic subgroup P of G, a finite dimensional representation 
of P = P(k) is called cuspidal if it is trivial on .U = U(k), where U is the 
unipotent radical of P, and if the corresponding representation of P/U = 
(P/U)(k) is cuspidal. 
We shall say that an irreducible representation y of G has the type of a para- 
bolic subgroup P of G if the restriction of y to P = P(k) contains a cuspidal 
representation of P. The type is a part of the Dynkin graph of G. 
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4.2. For the general linear groups, the characters of its Weil representa- 
tions have been given in Corollary 1.4. The decomposition of the Weil 
representations is given by the following proposition. 
PROPOSITION 4.2. Let V be a finite dimensional vector space over the finite 
field k with q elements. Keep the notations of Section 1. Let WV be the Weil repre- 
sentation of G(V). Then: 
(a) WV @ WV is the natural representation of G(V) in the space C[ V x *VI 
of complex functions on V X *V; 
(b) let n = dim V; WY splits in q - 2 simple classes of degree (qn - l)/(q - 1) 
corresponding to the q - 2 nontrivial characters of the center of G(V), one class, for 
n > 1, of degree (q” - l)/(q - 1) t rivial on the center, and twice the trivial 
representation; 
(c) the components of WV have the type 0. 
Proof. The realization of WV in C[V] is given by the operators: 
F(x) H F(a-lx), for g = (a, *a); 
in C[*V] the realization is 
G(Y) ++ G(*a-ly), for g = (a, *a). 
The tensor product of these two representations is the representation of G(V) 
given by the operators 
H(x, y) w H(a-lx, *a&y), for g = (a, *a), 
in the space of complex functions on V x *V. This proves (a). 
(b) For each character 0 of the center of G(V), let V(0) be the projection 
of WV on the classes of type 0. From the realization of WV by left translations 
of GL( V) on C[ V], we see that WV(O) is realized by left translations on the space 
of complex functions on V such that 
F(tx) = cqt)F(x), for any t E k*, x E V. (4.2) 
This shows that all the representations WY(@) have the same degree 
(qn - l)/(q - 1). Moreover, the constant functions on V give a nontrivial 
invariant subspace of UN(l); the Fourier transform of the space of constant 
functions on V is the space of functions on V with support 0, and it is another 
invariant subspace of WV(l). These two subspaces correspond to the trivial 
representation of G(V), so we have: 
W”(I) = 2.1 + WV(l)‘, 
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where V(I)’ is a representation of G(V) with degree (9”  - I)/(q  - 1) - 1.  To
achieve the proof of(b), it remains to show that IV’(e) for 0 #  1 and WV(l)’  are
simple. This is clear for R = 1.  For 11 > I, we remark that, as in (a), the &ss
WV @  WY  corresponds to the representation of GL( V) in C[ V x V] given by
H(x,  x’) w H(u+c,  a-lx’),  (I  E GL(V).  This shows that the number of orbits
of GL(V)  in V x V is the multiplicity of the trivial representation in this
representation; this number is also the sum of squares of the multiplicities of
the simple components of W y. From above, this number is at least q  + 3, with
equality if and only if the classes WV(S)  for 0 #  I and WV(l)’  are all simple.
The group GL( V) acts  t ransi t ively on the set  of  couples of  l inearly independent
vectors of Y; it is immediate that the other orbits are:
the origin 0 x 0 of V x Y;
the set V\(O)  x 0;
the set 0 x V\{O);
for each t E A*,  the set of couples (x, tx), x E V\(O).
This gives 4 + 3 orbits, and proves (b).
(c) From (b), the class IV’(e) for 6’ # 1 corresponds to the natural repre-
sentat ion of  GL(  V) in the space of complex functions on V sat isfying the relat ion
(4.2), and, for n  > 1, the class WY(l)’ corresponds to the natural  representation
of GL(V)  in the space of complex functions I: on V such that
F(O)  = 0, *F(o) = 0, F(tx)  = F(x) f o r  tEK*,  XEV. (4.3)
We choose a decomposition V = C Vi  in a direct sum of one-dimensional
vector subspaces; this defines a maximal k-split torus T and a Bore1 subgroup
B of the general linear group G of V. We put T = T(K), B = B(k). Let U be
the unipotent radical of B and U = U(k); then B = TZI.  For each character
0 of A*,  let flB be the one-dimensional representation of B given by
Pew  = Wl) for ZJ  E U,  t  E T,  t, = t 1 VI ,
For 0 # I, the functions with support VI satisfying (4.2) define a one-dimensional
space of type& under the action of B: this  shows that  the  c lass  WY(B) is  contained
in the representation of GL( V) induced by /3B  . For n > 1, the functions with
support V, u Vz satisfying (4.3) d fie ne a one-dimensional subspace  of type is,,
the trivial representation, under the action of B. The class Wy(  1)’ is contained in
t.he  representation of GL(V)  induced by the trivial representation of B, as is the
trivial representation of GL(V).  This achieves the proof.
Remark 4.3.1. With the notations of part (c) of the proof, the stabilizer
P of the subspace  V, in GL(V)  is a maximal parabolic subgroup. For each
character 0 of k*,  let CT*  be the one-dimensional representation of P defined by
p t+ 8( p,)  where p1 is the restriction of p to VI; then, the representation of
GL( V) induced by rg belongs to W’(0).
Remark 4.3.2. In [ 111, ‘I’anaka constructs a representation ‘Pr of 3&(k).
This representation is the restriction to X2(k)  of a representation  belonging to
the Weil  representation of G,!&(k).  13~  a Fourier transformation on the first
\-ariablr, the representation F) gives  the natural representation OC  X,(R)  on
the space of comples functions on k ~,,  k.
4.4. Let k be a field with an odd number y  of elements. JVe  now qive
another proof of a result due to Howe 161.
THEOREM 4.4. Let (E, j) be u  nondegewrate  symplectic s@ce  of &men&n 21
cwer  the$eld  k; keep the notations qf Theorem 2.4. Then:
(a) the tensor pvoduct  of WiEJ  . qiE.i’  by W$)  - $5:)  is the class of the
natural representation of S(E,  j) H(E,  i)  in tht  space of complex functions on E;
(b) the support of the character  of WiE3j)  * rj:E-jJ is the set of conjugates of
elements in S(E,  j)Z;
(c) the absolute ?;a&  of the characttl  of the Wei2  representation T4TF.j) on
s E S(E,  j)  is the square root of the  order of the set of fixed points by s in E:
Proof. The class complex conjugate to 7:“‘” is the class qk::),  hence, by
definition of the Weii  representation, the class complex conjugate to WiE*j)  is
Wi’:“;j’.  The  natural representation of SH  (S = S(E,j), H - N(K,j))  in the
space of complex functions on E is also the representation induced by the trivial
representation of SZ. This shows the equivalence {(b) and (c)} * (a).
To prove (a), we choose a Witt decomposition of E in E, -+ I<_  , and we use
Theorem 2.4 to get the realizations of the representations in the space C[E-]
(resp.  C[E  1) of complex functions on K (resp. E,) by the formulas (2.6)-(U)
and (2.18) (resp.  by the corresponding formulas obtained by interchanging E, and
E-).  We define an automorphism 8’ on C[E]  by:
Fq(x  + Y) = .r(j(? $1  q” + Y>l XEE+,  YEI?-.
Let p  be the natural representation of SH in C[E]:
(p(W)(w)  = F(w -1,.  q,), for h E H with projection W,  on E,
(P(W)(W)  = F(s+4, for s  f S.
Immediately it can be verified that
Edh)  - (~‘(4  0 +W f o r  h  EH.
Moreover, any other such endomorphism I’ is the composition of a convolution
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operator 4 * on C[E] with 6. An easy computation shows that if we take for 4 
the quadratic character 
(b(x + Y) = 7MY, 47 XEE+, YEE-, 
then, for the elements s E S which leave E+ invariant, or which exchange E+ 
and E- , we have: 
h-p(s) = (u’(s) @ u(s))&‘; 
these elements generate S, hence this relation is valid for any s E S. Moreover, 
the quadratic character 4 on E being nondegenerate, the convolution operator 
4 * on C[E] is invertible, the inverse being the convolution by the function 
x + y H ~(2-‘j(x, y)). This proves (a) and hence the theorem. 
COROLLARY 4.4. Let the notations be as in Theorem 4.4, and 21 be the dimension 
of E. Then: 
(a) WiE*j) splits into two simple classes: 
W@’ of degree (4’ + 1)/2, 
Wifi” of degree (q” - 1)/2; 
(b) the type of W::dj’ is 0 ; the type of W:fi” is the long root. 
Proof. (a) From part (a) of Theorem 4.4, the natural representation of 
S = S(E, j) in the space of complex function on E belongs to the class 
W:E.j) @ WiE*j); hence the number of orbits of S in E is the multiplicity of the 
trivial representation in WiEJ) @ WIE*j), which is also the sum of the squares of 
the multiplicities of the simple components in WLE,j). The symplectic group 
being transitive on E\(O), the Weil representation Wy*i) splits in two simple 
classes. 
Now part (c) of Theorem 2.4 gives the restriction of the Weil representation 
to the center { 51) of S; more precisely, the nontrivial element - 1 acts by 
F(y) b (-l)Q)‘V-y) 
on the space C[E-1, with the notations of step (3) of the proof of Theorem 2.4. 
This shows that we have two invariant subspaces by the Weil representation, 
given by the even functions and the odd functions; the dimensions are respec- 
tively, ($ + 1)/2 and (qz - 1)/2. From the above, these two subspaces are 
irreducible, and (a) is proved. 
(b) Let E+ be a maximal isotropic subspace of E, and B a Bore1 subgroup 
of S which leaves E+ invariant. Then, part (b) of Theorem 2.4 shows that the 
class W:f/ is contained in the class determined by the representation of S 
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induced by the one-dimensional representation xE+ of B; in fact, with the nota- 
tions of step (3) of the proof, the functions of C[E-] with support 0 give a one- 
dimensional subspace of the even functions which are of type xE+ under the 
action of B (formulas (2.7) and (2.8)). 
Now let E+ be an isotropic subspace of dimension I- 1 in E, and E, , E- as 
in step (5) of the proof of Theorem 2.4. We choose a parabolic subgroup PI 
minimal amongst the parabolic subgroups leaving E+ invariant and containing S,, 
(the notations are those of step (5)). The restriction to PI of the Weil representa- 
tion ?VIEJ is given by (b) of Theorem 2.4, that is by the formulas (2.18)-(2.21). 
The subspace of functions in C[E_] @ E(Q) which have 0 for support are of 
type xE+ @ WiEo*jo) under PI . To achieve the proof, we have to show that 
W$+‘o’ is a simple cuspidal representation. By (a), we know that this is a simple 
class of degree (q - 1)/2, nontrivial for Q = 3 by definition of the Weil represen- 
tation (a) of Theorem 2.4); but it is known that for q odd, the group Sp,(F,J has 
exactly two simple nontrivial classes of degree (q - 1)/2, and that they are 
cuspidal [I, D, II, 31. 
Remark 4.4. The difference of the degrees of the two components of the Weil 
representation WLE,j) is 1; the degree of W:f~j’, which is (qz - 1)/2, is the 
minimum of the degrees of all the irreducible representations other than the unit 
representation of S(E,j). For I = 1, this results from [l, D.II.31, for I > I, 
we use Corollaries 2.6 and 4.4 to reduce to the case 1 = 1. 
4.5. Let K/k be a quadratic extension of the finite field k with q elements. 
We now prove for the unitary groups the result corresponding to Theorem 4.4. 
By definition of the Weil representations for q odd, there is nothing new in this 
case. The proof which is given below can easily be adapted to give another proof 
of Theorem 4.4. 
THEOREM 4.5. Let F be a K/k-unitary vector space. Keep the notations of 
Section 3. Then: 
(a) the tensor product of the class W(F*t) * rlr (Fan) by its complex conjugate is 
the class of the natural representation of U(F, i) H(F, i) in the space of complex 
functions on F; 
(b) the support of the character of W’F*i) * 7ri’ is the set of conjugates of 
elements in U(F, i)Z; 
(c) the absolute value of the character of the Weil representation W’F,“) on 
u E l7F.f) is the square root of the order of the set of jixed points by u in F: 
(Tr W(F*” (u)l = 11 Ker(u - 1)111/2 = qNtFzu), N(F; u) = dim, Ker,(u - 1). 
(4.5) 
Proof. As for Theorem 4.4, we have the equivalence (a) o {(b) and (c)}. 
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Suppose that we have proved that, for any element x E UH, where U = U(F, i) 
and H = H(F, i), which is not conjugate to an element of UZ, there exists a 
y E UH such that the commutator (y, X) lies in Z and satisfies 
NY, 4) f 1. 
This would imply that the character of IVF~i) . qiFsi) vanishes except on elements 
which are conjugate to UZ. Now, the existence of an extension of 7iF*i) to UH 
defines an isometric embedding from the ring of generalized characters on S into 
the corresponding ring relative to UH: 
w ++ JJH Tr jTj7’F.i’ where oPH(uh) = w(u), u E U, h E H. 
Hence, if 6,” denote the characteristic function of u E U, we have 
(Suu, Suu)u = (S,” Tr WcFs”, SfH Tr WcFsi’)“H , 
with the usual notation for the bilinear form on the ring of characters of a finite 
group. Using the above property of Tr W(F*i), this implies: 
1Tr W(F,i)(u)12 = [H : Z] ,uE’(s${u)] , 
where the parenthesis around u indicates the centralizer of u in the corresponding 
group. We remark that (UH)(u) = U(u) H(u), and U(u) = F(u)Z, where F(u) is 
the set of fixed points of u in F, i.e., the kernel of u - 1; so, the above relation 
gives 
1 Tr W’F*i)(~)12 = 11 F(u)11 
which is (c). 
It remains to show that, for u E UH, u nonconjugate to an element of UZ, there 
is a y E UH such that (y, X) E Z and [((y, x)) # 1. We first remark that the 
element uh, u E U, h E H, is conjugate to an element of UZ if and only if the 
image w of h in F is in the image of u - 1. We suppose that w is not in this 
image. We observe now that 
Awl , w2) = 0 for wr E Ker(u - l), w, E Im(u - 1); 
in fact, w, = (u - l)w,’ and 
Awl , we) = j(wl , (u - 1)wpl) = j((u-’ - 1)wr , w,‘) = 0. 
The sum of the dimensions of Ker(u - 1) and Im(u - 1) being the dimension of 
F, the subspace Im(u - 1) is exactly the j-orthogonal of Ker(u - 1). We consider 
now the elements of UH the commutator of which with uh are in Z; these 
elements are the h’u-l with h’ E H, and the image w’ of h’ in F satisfying 
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(U - l)(w + w’) = 0; the element of 2 obtained corresponds to the element 
j(w, w’) of K. From the condition w 6 Im(u - l), we see that there exists a 
wa E Ker(u - 1) such thatj(w, , w) # 0; f i we take the elements w’ = -w + tw, , 
t E K, we get elements h’u-l such that 
[((h’u-1, hu)) = T(tj(W, ) w)). 
It suffices to now remark that the character of K given by t ++ r($(wa , w)) is 
nontrivial to prove the desired assertion, hence the theorem. 
COROLLARY 4.5. Keep the notations of Theorem 4.5. Let n = dim,F. Then: 
(a) WtFsi) splits in q simple classes W(F*i)(8) of degree (q” - (- l)“)/(q + 1) 
corresponding to the q nontrivial characters 8 of the center of lIJ(p, i), and, for n > 1, 
one simple cZass W(F*i)(l) of degree (q” - (- l)“)/(q + 1) + (- 1)” which is trivia2 
on the center; 
(b) W’F.i)( I) for n even (resp. W (F*i)(d) for n odd and 0 # 1) have the type ,G ; 
in the remaining cases, W(F*i)(B) has the type given by the middle orbit of the Dynkin 
graph of type 2A,p1: 
for n odd; f or n even. 
Proof. (1) For n = 1, this is statement (c) of Theorem 3.3. We now suppose 
n > 1. 
(2) From (a) of Theorem 4.5, the natural representation of U(F, i) in 
the space of complex functions on F belongs to W(FJ) @ W(F*i), hence the 
number of orbits of U(F, i) in F is equal to the sum of the squares of the multi- 
plicities of the simple components of W tF.*). The orbits of U(F, i) in F are: {0), 
and for each of the q elements t of K such that t + i = 0, the set of vectors w # 0 
such that i(w, w) = t give an orbit; there are q + 1 orbits. 
(3) We suppose first that n is even, and we use the notations of step (4) 
of the proof of Theorem 3.3. The Weil representation is realized in the space of 
complex functions on a maximal isotropic subspace F-; the action of the center C 
of U(F, i), which is naturally identified with the kernel k.& of the norm from 
K* to k*, is given by formula (3.10). This shows that the subspace of C[F-] of 
functions such that 
J7u-l~) = &~F(Y), u E c, (4.6) 
for a character 0 of C, is invariant under V, and define a class W(F,i)(O) which has 
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the indicated dimension. The group C having q + 1 distinct characters, this 
proves (a) for 7t even. 
(4) We suppose now that n is odd. The common dimension of the maximal 
isotropic subspaces of F for the form i is (n - 1)/2. Let F+ be such a subspace, 
and choose F. and F- as in step (6) of the proof of Theorem 3.3. The formulas 
(3.14) and (3.20) give the action of the center of U(F, i), still identified with 
k& . Let F’ = F+ + F- and i’ the restriction of i to 8”; then, for any character 8 
of C, the B-subspace of v is given by the following with obvious notations: 
JqW) = c w4(@‘) 0 &JO)(q; 
ew=e 
B"#l 
an easy computation gives the dimension indicated in the statement. From 
step (2), these q + 1 components are necessarily simple, and (a) is proved. 
(5) Let n be even; in the notations of step (3) the functions on F- with 
support 0 define a subspace which is pointwise fixed under any Bore1 subgroup 
contained in the stabilizer of F+ . This shows that H’(r*i)(l) has the type of a 
Bore1 subgroup, that is @. To get the type of the components lVFni)(~) for 
0 # 1, we choose an isotropic subspace F+ of dimension n/2 - 1, and keep the 
notations of step (6) of the proof of Theorem 3.3. We take a parabolic subgroup Q1 
contained in the stabilizer Q of F+ in U and minimal amongst the parabolic 
subgroups containing U,,; the restriction to Q1 of the projection (3.8) of Q onto 
U,, is surjective; by part(b) of Theorem 3.3, the simple class W(F*i’(B) is contained 
4 m the induced representation by the class 
u t-t w(Fo*“J(q(u,), u E Q1, u,, its projection in U,, . 
So, to prove that, for 0 # 1, the class W cFei)(0) has the type of Q1, we have to 
show that W(Fo@(B) is cuspidal; we are reduced to n = 2. With the notations of 
step (3) above, the B-component q of IJ is realized in the subspace of C[F-] of 
functions satisfying (4.6); to prove that u0 is cuspidal for 0 # 1, we use the form 
(3.13) of the representation on a nontrivial horocycle; it is immediate that: 
This implies 
T ‘Vu - ul> (’ i) = (q - 1X-n) + q2 - q = 0, 
and all the representations ug for B # 1 are cuspidal. 
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(6) Finally, let 7t be odd; in the notations of step (4), the subspace F,, is 
one-dimensional; if B is any Bore1 subgroup containing U, and contained in the 
stabilizer Q of F+ , we have a projection of B onto U,, given by (3.8). Theorem 
3.3(b), gives the restriction of W’F*i) to B; the subspace of functions on F- with 
support 0 and values in the &component E(t+,)(B) of the space of q-, , is one- 
dimensional; the restriction of u to B transforms this subspace by the one- 
dimensional representation of B given by the composition of the e-component 
of v,, with the projection of B onto U, . This shows that the class W’F-i)(B) has 
thetype ~a forefl. 
(7) It remains to determine the type of W(Fsi)(l) for 71 odd, n > 1. Using 
part (b) of Theorem 3.3 relatively to an isotropic subspace of dimension 
(n - 3)/2, we see, as in (5), that it suffices to prove that the class W(F*i)(l) is 
cuspidal for F three-dimensional. In this case, there is only one conjugacy class 
of nontrivial k-horocycles; we choose a Witt decomposition of F in F+ + F,, + F- 
as in (4); these three subspaces are one-dimensional. The class W(F*i)(l) is 
realized in the subspace d of functions on F- with values in the space E,, of v,, 
such that 
F@Y) = ~&)F(Y), YEF-, UEC. 
As v,, does not contain the trivial representation of lJ, (by (c) of Theorem 3.3), 
these functions are 0 in 0, and d is a direct sum 
d = 1 El(W) @ E,(8) 
B#1 
where E,(B) is the &component of the action of V, on E, , and El(P) is the space 
of complex functions on F-* = F-\(O) such that F(uy) = 0(u) F(y) for u E C, 
y E F- . A nontrivial horocycle N of U(F, z) is given by the elements which leave 
F+ and (F+ + F,)/F+ pointwise fixed; their action on d is given by the formula 
(3.17). We compute the trace of the representation on N: for 
n= 
the operator is F(y) I-+ 7 0 i(by, y) F(y), and the trace is 
dim E, c r * i(by, y) = q c ~(a%) = q 1 T(U) = q(-1) = -q for b # 0. 
F’IC K’l’& k* 
In general, we choose a unitary structure ( , )0 on E, invariant by the action of 
U, , and we extend it as a unitary structure on C[F-] @ E. , hence on 6, by 
(F, F’)o = .r,- (F(Y), F’(rNo dy, - with J dy = (q - 1)-l; F- 
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this product is invariant by the action of N. For each nontrivial character 0 of C 
and each orbit w of C in F- , choose a unitary vector v, of E,(B) and let FB,w be 
the function of E(&l) with support w and absolute value 1; then the vectors 
FBew @ vg form an orthonormal basis of 8. For 
?Z= 
the desired trace is given by 
,c, (h) Fe,w 0 ve 3 Fe.w 0 vdo 
1 --i(b”y) * 
= 1 b”y Fe,w(~) ve 2 Fe,w(y)ve ) dr 1 0 
1* * 
zzz 1 b”y vg , ve 1 dy. 
1 
We parametrize w by C: y = cyw , c E C, and use the relations 
with the invariance of ( , ). by the action of U, ~rl C, to get for trace: 
* * 
1 b”y, ae , ‘ue = Tr 70.~ 
1 
1 c 0 FfIC 
For b” # 0, the trace is each term is 0 (Proposition 1.2), that is 
Tr vr for b” # 0. 
Finally, the number of elements in N with b” = 0 being q, and the dimension 
of the representation being (q - l)q, the condition of cuspidality is satisfied, 
and the corollary is entirely proved. 
Remark 4.5. For n = 2, the representation T@) of Tanaka [ll], is the 
restriction to SU(F, i) N_ SL, (k) of the above representation IJ. 
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4.6. Let P be the Galois group of an algebraic closure k, of the finite 
field k. We fix an algebraic vector space E over k with a nondegenerate alternating 
bilinear form j defined over k. The group S of linear automorphisms of E which 
leavej invariant is a connected simply-connected simple group of type C, over k, 
where 21 is the dimension of E. 
Let T be a maximal k-torus of S; its action on E leads to a decomposition 
E=xE’, (direct sum), 
P 
where P = P(E, T) is the set of weights of T in E. Each subspace EC is 
anisotropic, and the group T leaving j invariant, two subspaces E” and EE” are 
orthogonal unless E’ + 6” = 0. Moreover, for each weight E E P, the form j gives 
a duality between EF and E-‘. The weights are defined over k, , so the action of P 
permutes the spaces E’. For each orbit w E P/T, the space Ew = xw E’ is defined 
over k. The restrictionjo to the space Eo = Ew + E-w, Q = w u -w, is a non- 
degenerate alternating bilinear form, and the decomposition 
is a direct sum of orthogonal subspaces defined over k. For each w E P/r, the 
subgroup of S which leaves pointwise fixed all the subspaces Ew’ for w’ f fw 
and leaves E*w invariant is denoted Do, Sz = iw. The torus T is the stabilizer 
of all the E’ in S. We identify it with the direct product npl+rTR of the 
stabilizers To in Do of the E’, E E Q. 
DEFINITION 4.6. An orbit w of the Galois group P in the set of weights of T 
is called symmetric (resp. nonsymmetric) if w = --w (resp. w # --a). 
For each orbit Q E P/*tr, let qo be the square root of the order of E* = E”(k), 
and 2i(sZ) the order of Q, which is even. We have: 
qn --_ I( En ill/2 x qi’“‘. (4.7) 
We define the field k, as the extension of degree i(Q) of k contained in k,; the 
order of kn is qn . For x E E, X, is its projection in EC. 
LEMMA 4.6. Keep the notations as above. Fix an orbit Sz E P/&-r and E in 52. 
For x, y E En, we define 
j& Y> = Ax, + x-, , -YE + Y-J = j-dx, Y). (4.8) 
(1) If the orbit of E by r is nonsymmetric, then: 
(a) EQ is a direct sum of Em and E-w, if Q = -&CO; j, dejines a duality 
between Ew and EeW; the action of D” on EU defines an isomorphism of Do onto Gw, 
the general linear group of ELI); 
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(b) E” is a one-dimensional space defined over k, ; 
(c) let E+E = E*f(ka); the following mapping 
is an isomorphism of the k-vector spaces Eo and EE x E-6, and afJords Eo with a 
ko-structure for which the symplectic form j, is nondegenerate and satisfies: 
Trk,d(x, Y) = i& Y), x, y E Eo; (4.9) 
(d) the action of T on Eo leaves jC invariant and defines an isomorphism 
of To onto the subgroup G,(ko) of S(Eo, j,) which leaves EC and E--E invariant; 
the map t t-+ t” is an isomorphism of TQ onto knx; 
(e) when the characteristic of k is odd, there exists a unique nontrivial 
one-dimensional real representation xsaT of T which factors through To; it is 
XJ(t) = (t+1-Q”)‘2. (4.10) 
(2) If the orbit of E is symmetric, then: 
(a) the group Da is the symplectic group So of the form j, on E; 
(b) E’ is a one-dimensional space de$ned over the quadratic extension Ko of 
ko in k,; 
(c) let EE = E’(Ko); the mapping: 
x-x,, XEE~, 
is an isomorphism of the k-vector spaces Eo and EE, and affords Eo with a Ko- 
structure for which the form 
C(x, y) = Ax-, , YJx, YEEO, (4.11) 
is a nondegenerate skew-hermitian form with associate symplectic form j, and such 
that 
TrKn,kQ i&, Y) = jn(% y>, x, y E En; (4.12) 
(d) the action of T on Eo leaves i, invariant, and de$nes an isomorphism 
of To onto the unitary group G,(ko) of the form i, on Eo; 
(e) when the characteristic of k is odd, there exists a unique nontrivial one- 
dimensional real representation xor of T which factors through To; it is 
xnT(t) = (@+@2)‘2. (4.13) 
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PYOO~. (1) Let w be the orbit of E by c then 52 contains the two distinct 
orbits w and --w; its order is twice the order 11 w I/ = i(w) of W. 
(4 is immediate. 
(b) The isotropy group of E in r has for index the order of the orbit of 
E, hence the corresponding factor group is the Galois group of the field on which 
the one-dimensional space Ea is defined. 
(c) For x E Ew and y E r, YX,, = xy,’ , E’ E w; hence x is determined by 
any of its component, hence by x6; the isotropy subgroup of e’ in r is the same 
for all E’ E W, and it acts trivially on each component of x. So, x ++ x, is a k-isomor- 
phism of Ew onto EF; this shows the first part of(c). Now, the form on EE x E+ 
defined by 
((q , x-c), (Y. , Y-J) + j@c 3 Y-J + icb 3 YJ 
is k-bilinear and alternating as j is. To achieve the proof of (c), it suffices to 
verify (4.9). Let To be the Galois group of ko over k, then, using the orthogonality 
of P’ and E6” for E’ + E’ # 0, we have: 
= j(xw , Y-J + i(x-, , YJ = h2(xy 39 for x, y E En. 
(d) The action of T on EC is given by the rational character E, hence, on 
E&‘, the element t e T acts by the multiplication by t*t’ = (t’)*l, and jJtx, ty) = 
j(% , t--EyJ + j(t-%.+ , tfy.) = j(x, , y-J + j(x-E , Y,) = j&, y) for x, y E En. 
This shows that T is sent into G,(ko). Conversely, if a E G,(Ko), a defines a 
semisimple transformation of ED which leaves jo invariant; if we extend it 
trivially to the others En’, we get a symplectic transformation of E which 
commutes to T and is defined over k. Hence a belongs to T, and Ts” is naturally 
isomorphic to G,(k,). The rest is clear. 
(e) is immediate from (d). 
(2) In this case, the orbit of E by r is Sz 
(a) is clear, and (b) is proved as (l)(a). 
(c) As in (l)(c), the map x w x, defines a K-isomorphism of En onto 
Ee, hence it gives to EQ a structure of a one-dimensional space over Kn . For 
ag&, x E En, the component (ax)), of ax on E-c is ZX-, , where z = a48 is 
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the conjugate of a with respect to the subfield ko . This shows that the form i, on
the one-dimensional space E over K satisfies:
and i, is a skew-hermitian form on ED, nondegenerate as the associate symplectic
form i<(x, y)  - i(y,  X)  = j<(x,~). The last assertion of (c) comes from this
latter identity and the relation
which is (4.9).
(d) For t E T, X,  y e E, we have (tx)-, = PX-,  and (my)*  - t’y,  , hence
Qtx,  Q) = j((tx)-,  , (ty)J = j(~-. , yJ = $(x, y); the mapping t tt  t’ sends T
into the kernel of the norm K,* + kD *.  Conversely, any such element u defines a
semisimple transformation of ED  which leaves jD invariant, and, if extended
trivially to the others ER’, which gives a symplectic transformation on E which
commutes to T and is defined over k; this element belongs to T, and (d) is proved.
(e) is immediate from (d).
4.7. Let I be a positive integer. By a signed partition of I,  we mean a
decomposition of 1 in a sum of positive integers a together with for each a an
element of {+l]. From the above, we see that to any maximal k-torus T of the
symplectic group S, there is a signed partition of I (21 is the dimension of the
vector space E) given by the i(Q)  for Jz  E P/&r and the sign - (resp. +) if Q
comes from a symmetric (resp. nonsymmetric) orbit of I’ in P.
With the notations of 3.1, let U be the algebraic group of the form r’; it is the
unitary group of type ZAn..1;  if S is the algebraic group of the form j, it is a
symplectic group of type C,,;  the reductive rank of U and S is n, and we have an
embedding:
u-es, (4.14)
which shows that the maximal tori of U are maximal tori of S. From [I, E.11.  I .I ;
1.10(a),  (c)j,  we get the classification of maximal k-tori of U and S:
LEMMA 4.7. (a) The mapping which associates to any maximal k-tom of the
s~mplectic  group S of type C,  its signed partition of 1 dejnes  a bijection  from the set
of conjugacy  classes by S  of the maximal k-tori of S onto the set of signed purtitions
of 1.
(b) By restriction to U (3.14),  the above mapping defines a hijection  from the
481:46/r-7
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set of conjugucy  classes 6y U of the maximal k-tori of I.7 onto the signed partitions
of n  such that the sign of the component a is (-  I)a.
4.8. We give now the restriction of the Weil representations of the
symplectic group to the semisimple elements.
THEOREM 4.8. Let the notations 6e us in 4.6 and Theorem 2.4. Then, for any
maximal k-torus T of S, the restriction to T of the Weil  representation Wp.j) is
where the tensor product corresponds to the decomposition of T in the direct product
of the nr6toriTD,  and for each 52 E P/&I’,  c(Q)  is any element of Q.
Prooj. We first remark that the restriction W~B~~)  1 T factors through the
restriction of WiE.j)  to the product of the stabilizers Sn = S(lF’, jr,) in S. By
Corollary 2.5, the restriction WiE*i)  1 &,hr Sn is the tensor product of the Weil
representations MJ’~@*~J?J.  If 52 comes from a nonsymmetric orbit, we have the
following inclusions:
which come from Lemma 4.6(l).  The Weii representation of P associated
to 1,  restricted to the group S(IP,  jetnl)  is given by Corollary 2.6; it is a Weil
representation; and now the restriction to the general linear group G&&)  is
given by (c) of Theorem 2.4, that is
x%‘n’  (kd 0 w%?,(b) 1
but the identification of TR with G,(n,(kn)  sends xnr onto xG~‘~)(Q’.
Now, if Q corresponds to a symmetric orbit, we have the same inclusions,
where G,(D)(k,)  is now the unitary group of the K,/kn-unitary  vector space E*
with respect to the form &; by Corollary 2.6 and Theorem 3.3(a’),  the restric-
tion of the Weil representation of Sn, associated to 5,  to G,&qJ  is
X%n)(kn) 0 w%a,ha) ,
but the character of To  defined by ~~~(~)(~n) is XJ  (4.13).
The formula (4.15) is now clear.
COROLLARY 4.8.1. The character of the Weil  representations of the sympiectic
group S(E,  j) over  a finite field of odd order q is given on a semzi-imple element t as
follows. Fix a maximal k-torus T of the algebraicgroup  S oj(E,  j) containing t. Then:
Tr  W’%d)(t)  = (_l)“(E.=;t)qN(P;i)X=(t), (4.16)
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where XT is the product of the characters xQT given by (4.10) and (4.13), via the 
. . 
identzficatzon of T with J&,,+, TO; iV(E; t) = *dim Ker(t - 1); I(& T; t) is the 
number of orbits w E Plrsuch that the action oft on I+ is nontrivial. 
Proof. We apply (4.15) and the definition of the Weil representation of the 
general linear group (resp. the unitary group) in the rank one case given by 1.4 
(resp. 3.3). The sign is given by the number of symmetric orbits w E P/r such 
that the action of t on Em is nontrivial, which has the same parity as l(E, T, t), 
hence the formula (4.16). 
COROLLARY 4.8.2. Let K be a quadratic extension of the$niteJield k of order q, 
and F a K/k-unitary vector space with respect to the form i of dimension n. The 
character of the Weil representation of the unitary group U(F, i) on a semisimple 
element t is: 
Tr W(F*i)(t) = (-l)n(-q)N(F;t), N(F, t) = dim,Ker(t - 1). 
Proof. (a) Let q be odd. By definition of the Weil representation of the unitary 
groups in odd characteristic, and by Corollary 4.8.1, we have: 
Tr W(F.i)(t) = (-l)Z’“,T;t’qNIE;l’, 
where we have chosen a maximal k-torus T of U, the algebraic unitary group 
defined by F and i, containing t. As iV(E; t) = N(F; t), (4.17) will be proved if 
we show that Z(E, T; t) has the parity of n + N(E; t). For each Sz E P/&r, let 
tn be the restriction of t to E*; then N(E; t) is the sum of the i(Q) over the 
Q E P/&r such that to = 1; from Lemma 4.7(b), i(Q) which is [k, : k], is even 
(resp. odd) if Q comes from a nonsymmetric (resp. symmetric) orbit; thus 
N(E; t) has the parity of the number of Q E P/&r such that tn = 1, but this 
number is n - Z(E, T; t) by definition of Z(E, T; t), and (4.17) is proved. 
(b) When q is even, the order of T is odd, so the only real character of T is 
the trivial character. This shows that there is a unique real extension to T of the 
class 7iFei) (notation of 3.3). But the character of this extension has been computed 
in [4,1.4.10, Theorem I], and the sign can be written as in (4.17), as in (a). 
4.9. The character of a Weil representation of a symplectic group on an 
element contained in a proper parabolic subgroup is obtained from the formula 
of induced characters by Theorem 2.4(b); the other elements are semisimple, 
in fact regular elliptic, as can be seen on a Jordan decomposition, and their 
character is given by (4.16). Th e o f 11 owing theorem reduces the computation of 
the character to a Gaussian sum on k. 
THEOREM 4.9.1. The character of the Weil representation WiE*j) of the 
symplectic group S(E, j) over the $nite field k of odd order q is given on s E S(E, j) 
as follows: 
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(a) if s acts without fixed point on E\(O), let E.,. be a maximal s-invariant 
totally isotropic subspace of E, and 21, the codimension of E+ in its j-orthogonal E+l; 
then 
Tr WpS’)(s) = [detr+ s * det,;,r+ (s - 1) . (- 1)10]u-Q)‘2; (4.18) 
(b) if there is a line E, fixed by s and no supplementary subspace of E+ in E+I 
which is invariant by s, then 
Tr WY*‘)(s) = Tr W,‘Eo~‘O’(s,), (4.19) 
where j,, (resp. s,,) is the restriction of j (resp. s) to E0 = E+l/E+; 
(c) if there is a line E+ Jixed by s and a supplementary subspace E, of E+ in 
E+l which is invariant by s, then 
Tr W?,“(s) = 1 [(ei(s2/sy)) Tr W~*50)(so), 
E&/E+ 
(4.20) 
where j0 and s,, are as in (b). 
Proof. (a) With th e notations of (a), we first suppose that E, = 0; then s 
is a regular elliptic element; this means that s E T, where T is an anisotropic 
maximal K-torus, and det(s - 1) # 0; the condition on a maximal k-torus to be 
anisotropic means that all its orbits are symmetric (Definition 4.6), so the number 
l(E, T, s) of (4.16) is the number of elements Q E P/&P. This implies: 
Tr W~B5’(s) = fl (-x,r(s)); 
P/&l- 
but -xor(s) = ((se(“) + s-f(n) - 2)/qJ (Legendre symbol relative to the field 
Ko), which is equal to ((- l)i(“J detE(s - 1)/s), and the product gives: 
Tr W,ti*i)(s) = ((-1)’ det(s - 1))(1--4)‘2 for s regular elliptic. (4.21) 
Now, if E, is nontrivial, the element s belongs to the maximal parabolic 
subgroup P stabilizer of E,; with the notations of Theorem 2.4(b), we have: 
Tr We*” = xE+(s) c Tr( uIpBjo) @ ~~*‘“‘)((gsg-l),J, 
where the summation hold on PH(E+ , j)\PH(E, j) and gsg-r E PH(E+. , j). From 
Theorem 4.4(b), we have to take g such that (gsg-l),, is conjugate to an element of 
S(E,, , j&Z; here, there is only the trivial element of PH(E+ , j)\PH(E, j) which 
satisfies this condition, so: 
(E d Tr W, ’ (s) = x”+(s) Tr WC (%h)(so); 
the formula (4.18) results from the definition of xE+ (Lemma 2.3(d)) and (4.21). 
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(b) The conditions of(b) implies that the matrix of s in a Witt decomposi- 
tion E = E+ + E,, + E- , where E,. is a line pointwise fixed by s, is 
with b”G n (so - l)E, = (0). 
The character of the Weil representation on s is obtained as above: 
Tr W?.‘)(S) = c Tr ?VpSjO) @ ~~S’o’(((-y) s(y)-I),), 
WE- 
where the summation can be limited to they E 0 such that(y) s(y)-i is conjugate 
to an element of S(E, , j,)Z; but this implies y = 0, and we get (4.19). 
(c) The condition of (c) on s implies that s leaves invariant the two 
supplementary orthogonal subspaces E, and EoL; the character of the Weil 
representation on s is given by Corollary 2.5; on EoL, the action of the Weil 
representation relative to this symplectic space is given by the formula (2.8), 
and the formula (4.20) is clear. 
For the Weil representations of the unitary groups, we get a simple formula for 
its character. 
THEOREM 4.9.2. The character of the Weil representation of the unitary group 
U(F, i) over the finite jield of order q is: 
Tr W’F.i’(U) = (_ I>“( -q)N’F;“’ 
where n = dimKF, N(F, U) = dimK Ker(u - 1). 
(4.22) 
Proof. (a) We suppose first that u acts without fixed point on P\(O), and call 
F+ a maximal u-invariant totally isotropic subspace of F. If F+ = 0, then u is 
semisimple and the formula (4.17) g ives the character (- 1)‘~ for Tr W(F*i)(u). 
If F+ is a proper subspace, we use the same argument as in the proof of (a) of 
Theorem 4.9.1 to get Tr W’F*i)(~) = Tr W(~~~~o)(lc,), where F, = F+I/F+ and ;,, 
is the form induced by i on F. , u the action of u induced on F,; but u. is now o 
regular elliptic, so this character is (- 1)“o; no = dimKFo = dimKF - 2 dimKF+ 
is congruent mod 2 to n, and we have still (4.22). 
(b) We suppose now that u fixes a nonisotropic line F,; then u leaves 
invariant its orthogonal Fl , and u E U(F, , i,) lJ(F r , iJ, with obvious notations: 
u = (1, uJ. By Corollary 3.4, we get Tr W(F*i)(~) = q Tr W(Fllil)(~l), and 
(4.21) will follow by induction on n and the equalities 
JYF; u) = 1 + WG ul), n = 1 + n,, n, = dlmKF, . 
(c) We suppose that EC leaves an isotropic line F+ pointwise fixed and a 
supplementary space F, of F+ in F+I. The action of u leaves invariant the two 
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supplementary orthogonal subspaces F. and F’ = F,‘; on u, the trace of the 
Weil representation is given by Corollary 3.4, that is with obvious notations 
Tr IVF’.f’)(u’) Tr IV(~o~io)(u,,). Th e action of u’ is given by the formula (3.13), 
which implies 
Tr W’F’.i’)(U’) = --p for u’fl, 
zzz 42 for u’=l, 
and (4.21) will follow by induction on n and the equalities 
N(F; u) = 1 + N(F, ; uo) for u’fl, 
= 2 + W’o ; uo) for u’=l, 
n ==2+n,, no = d&F,, . 
(d) We suppose that u leaves an isotropic line F+ pointwise fixed, and 
leaves invariant no supplementary subspace of F+ in F+I. We choose a Witt 
decomposition F = F+ + F, + Fe; the matrix of u is: 
with b”F- n (u. - l)F, = (0). 
The character Tr W(F,i)(~) is obtained from the formula of induced character 
by Theorem 3.3(b). As in (b) of the proof of Theorem 4.9.1, we get 
So (4.21) will follow by induction on n if we show that N(F; u) = N(F,; uo). 
From the form of u, we see that the kernel of u - 1 is the direct sum of the one- 
dimensional space and the intersection KerFO b’ n KerFO(u, - 1); the orthogonal 
of KerPO b’ (resp. KerFO(uo - 1)) being b”F- (resp. (u. - l)F,-,), the condition 
on u implies F. = Kerr0 b’ + Ker,@, - 1); this gives: 
dim,Ker(u - 1) = d im F, + dim,Ker(u, - 1) + dim,Ke%b’ - dim,F, 
= 1 + N(F, ; u,,) + (dim, F. - 1) - dim, F,, = N(F, ; uo). 
(e) It remains to prove (4.21) for rz = 1 and n = 2. In the first case, this 
is immediate from Theorem 3.3(c). For n = 2, the semisimple case has been 
seen in Corollary 4.8.2, and the remaining cases are immediate from the formulas 
of the restriction of the Weil representation on a nontrivial parabolic subgroup, 
given by (3.10) and (3.13). 
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